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ABSTRACT 
This paper analyzes various formulations for the recursive training of neural networks 
that can be used for identifying and optimizing nonlinear processes on line. The study 
considers feedforward type networks (FFNN) adapted by three different methods. The 
study is completed using two network structures that are linear in the parameters: a 
radial basis network (RBF) and a principal components (PCA) network, both trained 
using a recursive least squares algorithm. The corresponding algorithms and a 
comparative test consisting of the on-line estimation of a reaction rate are detailed. The 
results indicate that all the structures were capable of converging satisfactorily in a few 
iteration cycles, FFNN type networks showing better prediction capacity than linear 
parameter networks, but the computational effort of the recursive algorithms is greater. 
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1  INTRODUCTION  
 
Neural networks are parallel-processing nonparametric structures that replicate on a 
small scale some of the operations seen in biological systems, such as learning and 
adaptation. The versatility of the use of neural networks is due to their potential to 
emulate a series of behaviors associated with human knowledge (Gupta and Rao,1994). 
The attractive properties of these models, such as their ability to approximate nonlinear 
spaces, noise tolerance and ease of construction, among others, have contributed to a 
growing interest in both the academic and industrial fields. In recent years the use of 
neural networks as dynamic models of nonlinear processes has been studied 
extensively. Hussain (1999) has provided a complete review of this aspect. 
Artificial neural networks, or simply neural networks, are made of a series of processing 
units, called "nodes" or "neurons," arranged in layers and densely connected to one 
another. The most important elements within a neural network are its nodes, which 
process the input information and deliver an output that is transmitted to other nodes in 
the network. Figure 1 shows a general scheme of a node that receives a vector of 
external stimuli x. From the mathematical viewpoint, two basic operations can be 
distinguished in a node; the confluency operation and the activation operation. 
The confluency operation (Rn → R1) occurs between psynaptic weights (or simply 
weights) and external inputs to the node plus a bias term, and it is usually defined as the 
internal product, except in the so-called radial basis networks (RBF) in which the 
confluency is defined as the Euclidian distance. From an information processing 
viewpoint, the acquired experience or knowledge is stored in the psynaptic weights, 
while the process called the network's "learning" or "adaptation" consists in the 
modification of those weights, guided by a "training algorithm." 
The activation operation (R1 → R1) is usually a nonlinear transformation on the 
confluency operation by means of an activation function f(•) and it provides a limited 
output from the node, usually between [0,1] or between [-1,1]. Different kinds of 
activation functions are used in practice, such as unipolar sigmoid and bipolar (Tanh); 
linear with saturation; limit functions (hard limits); polynomials; orthogonal functions; 
etc. 
In process identification, which involves the functional approximation task, the most 
frequently used structure is the feedforward neural network (FFNN) with a hidden 
layer, using sigmoids as activation functions, because it has been shown that it is 
capable of approximating any continuous nonlinear function (Hornik et al., 1989).  
Traditionally, this kind of network is trained using the backpropagation method, which 
is coherent with the network's parallel structure. However, since it is a first order 

 



method, it converges slowly, which makes it prohibitive for real time control 
applications. Narendra and Parthasarathy, 1990, Ydstie, 1990, Lee and Park, 1992, and 
Chen F and Khalil, 1992, studied neural controllers adapted recursively by 
backpropagation, achieving good results only after a significant number of adaptations. 
Wilson and Martínez (2003) provide foundations, scope and solutions for the training of 
networks by means of first order methods. 
Because of the above, the development of more powerful training algorithms for 
feedforward type networks and the study of other more attractive neural structures is the 
subject of intensive studies. Among the former, the algorithms that use the Hessian 
matrix (second derivatives) or its approximations have given excellent results and have 
proved to be much faster with respect to training time, especially for the case of the 
approximation of continuous functions (Van der Smagt, 1994). Other methods based on 
intelligent search, such as genetic algorithms (Goldberg, 1989) –whose main advantage 
is to converge toward the global minimum– are being preferred for training networks 
with a significant number of parameters. 
In relation to other structures, networks whose parameters are linear with respect to 
their outputs have been proposed, and they can be trained using robust recursive least 
squares (RLS) techniques. 
In this paper we present a formulation for the recursive training of an FFNN neural 
network whose parameters can be adapted using three different methods: approximation 
of the inverse Hessian matrix using a BFGS (Broyden-Fletcher-Golgfarb-Shanno) 
algorithm; calculation of the inverse Hessian matrix in a Gauss-Newton recursive 
sequential (NRS) algorithm; and calculation of the inverse Hessian matrix in a Gauss-
Newton recursive sequential algorithm implemented in parallel with respect to the 
nodes (NRP). We also complete the study using two network structures that are linear 
in the parameters: a radial basis (RBF) network and a principal component (PCA) 
network, both of them trained using a least squares recursive algorithm. 
     
2 FEEDFORWARD TYPE NEURAL NETWORKS 
2.1  STRUCTURE 
 Feedforward type neural networks have a structure ordered in layers whose nodes are 
connected in a direct sense with the nodes of the following layer, as shown in Figure 2. 
Given an input vector x the network propagates and processes the information to 
generate an output vector y. In the basic processing unit (node) the confluency operation 
is carried out based on the internal product given by 
 

    vj = θji*xji+θjo                        (1) Σ
i

n

=1

 



 
and the subsequent calculation of the output by means of a transformation given by yj = 
f(vj) where f(.) is called the activation function. The most widely used activation 
functions are the sigmoids of type   f(v) =  1/( 1+e-v)    and    f(v) = Tanh(v) . 
 
2.2 BACKPROPAGATION ALGORITHM 
The most widely used training method for an FFNN neural network is the so-called 
backopropagation introduced by Rumelhart in 1986 (Rumelhart and McClelland, 1986), 
in which the weights of the network are adjusted based on the negative direction of the 
gradient of a cost function J(e) that quantifies the error between the output generated by 
network "y" and the desired output "d". The cost function to be minimized is usually 
the mean quadratic error, given by  
   

      J(e) = ½  =  ½ (eii
m 2

1=∑ y-d)t*(y-d)               (2) 

  
The weight and bias vector of network θ is adapted according to: 
 
              θ(k+1) = θ(k) -  η∇(J)                (3)        

 
where η is a constant parameter called the training rate. 
Gradient ∇(J) can be obtained readily using the rules of differential calculus. An 
interesting way of showing the coherent parallelism between this method and the 
structure of the FFNN network was given by Narendra and Parthasarathy, 1988, by 
means of a diagramatic representation of backpropagation. This representation, shown 
in Figure 3, makes it possible to see the flow of information needed to obtain ∇(J) and 
the possibility of integrating it in a parallel structure. 
Figure 3 shows the feedforward direction of the information to generate the output 
vector y from an input vector x. On the other hand, it shows the backward way required 
to calculate the gradients with respect to the weights, using the information from the 
errors incurred (e), the confluencies calculated in the direct call (v,v'), the derivative of 
the activation function (f'), and the inputs external to the network and to the hidden 
layer (x y x'). 
Although the simplicity and the parallel nature of the backpropagation method have 
allowed its use in various applications, the need for a large number of iterations to 
achieve convergence has limited its use in real time adaptive applications. To improve 
this situation, minimization methods that include or approximate the information from 
the second derivatives (Hessian matrix), such as the quasi-Newton or Gauss-Newton, 
have been proposed by various authors (Leonard and Kramer 1990; Chen,S. et al., 1990; 

 



Chen,G. and Ogmen, 1992; Van der Smagt, 1994). In these methods the parameters are 
adapted according to 
 
      θ(k+1) = θ(k) - [Hk+1]-1*∇(J)k+1             (4) 

 
where [Hk+1] is an approximation of the Hessian matrix (npxnp).  
 
2.3  ALGORITHMS FOR RECURSIVE ADAPTATION OF FFNN NETWORKS 
With the purpose of adapting recursively the weights of a feedforward neural network, a 
cost function that weights the past information and the new information incorporated 
into the system must be defined conveniently. If we assume that we have sampled the 
process for k instants, we can define a weighted cost function between the values 
calculated by the neural network "y" and those desired "d" as follows: 
 

                Jk=  ½  
i

k

=
∑

1
ß(k-i)*( (y-d)t*(y-d) )i                    (5)  

 
where ß ≤ 1 is a constant called the forgetting factor. 
 
If we incorporate the next pair of data at the instant (k+1) we would have  

 
  Jk+1 =  ß*Jk + ½ ( (y-d)t*(y-d) ) k+1                                    (6) 

 
From this result the following recursive relation can be obtained to calculate the 
gradient: 
 
        ∇(J)k+1 = ß*∇(J)k - ( [Ψ]t* (d-y) ) k+1                  (7)  

 
where [Ψ] is the Jacobian matrix of y (network outputs) with respect to the parameters, 
which can be calculated by the backpropagation method. The way in which the inverse 
Hessian matrix is determined gives rise to a varied series of adaptation algorithms. In 
this work three different recursive type variants are studied: 
 
i)  Newton Recursive Sequential (NRS) Method: 
 
In this method only some approximations are made to obtain analytically the Hessian 
matrix, which can be obtained recursively differentiating equation 7 with respect to the 
parameters: 

 



  
  [H]k+1 = ß*[H]k - ( [Ψ]' t * (d-y) )k+1 + ( [Ψ]t * [Ψ] )k+1             (8) 

 
 
If the errors (d-y) are considered to be small, the second term of equation (8) can be 
omitted. Therefore a recursive form for the Hessian matrix is: 
 
        [H]k+1 = ß*[H]k + ( [Ψ]t * [Ψ] )k+1              (9) 

 
From this relation, the inverse Hessian matrix can be calculated using the following 
matrix inversion lemma:  
 
  Lemma:     if              [X]-1 = [Y]-1 + [Z]t*[R]-1*[Z]  
                               then     [X]  = [Y]-[Y]*[Z]t *[ZYZt + R]-1 [Z]*[Y] 
 
By applying the lemma, a recursive formula for calculating [H]-1 is deduced directly: 
 

   ß*[H]k+1 
-1 = [H]k-1 - [H]k-1* [Ψ]t*( [Ψ]*[H]k-1*[Ψ]t + ß*I )-1* [Ψ]*[H]k-1         (10)                               

  
For MISO (Multi Input Single Output) systems, the inverse term is scalar and the 
calculation of [H]-1 does not require matrix inversion. 

The recursive estimation algorithm is summarized in the following sequence:    
  i)   Initialization of ß, [H]-1,θ  
  ii)   Estimation:  
   Collect a pair of data 
   Calculate the estimated value y (network output) 
   Calculate the error (d-y) 
   Calculate [Ψ] by backpropagation  
   Calculate ∇(J) in equation (7)  
   Calculate [H]-1 in equation (10)  
   Update parameters, equation (4)  
   Repeat. 
 
ii)  Newton Recursive Parallel (NRP) Method 

The disadvantages of the previous method are the centralized structure, the complexity 
of the calculation of the inverse Hessian matrix, and the information storage 
requirements. To achieve a certain parallel structure in the algorithm and relieve the 
storage load, Chen S. et al, 1990, propose estimating an inverse Hessian matrix for each 

 



of the network's nodes. In this way it is possible to divide the calculation of equation 
(10) into n sub-algorithms, where n is the number of nodes of the neural network 

This algorithm uses n inverse Hessian sub-matrix that are adapted recursively using 
equation (10). The capacity needed to store n inverse Hessian sub-matrix is smaller than 
that required to store a single matrix in the centralized version. Another advantage lies 
in its parallel structure by nodes; however, it requires a greater effort to tune and 
initialize the parameters of each of the estimators. The estimation sequence is identical 
to that of the previous method, except that it is subdivided n times. 

 iii)  Quasi-Newton Methods 

These methods (Van der Smagt,1994) provide an approximation of the inverse of the 
Hessian [A] when the following relation is applied at the limit  k → ∞: 

   

   θk+1 - θk =  [A] k+1*( gk+1 - g k )                  (11) 

 

with g =  -∇(J).  

Two widely used adaptation formulas, BFGS (Broyden-Fletcher-Golgfarb-Shanno) and 
DFP (Davidon-Fletcher-Powell), can be derived from equation (11). In particular, in 
this paper we analyze the BFGS method, whose incremental adaptation form (Edgard 
and Himmelblau, 1988) is: 

∆[A] =[A]k+1-[A]k  = [(∆θ - [A]k *∆g ) ∆θ t + ∆θ t *(∆θ - [A]k *∆g )t ] / (∆g t *∆θ )  

                    - [ (∆θ- [A]k *∆g )t *∆g *∆θ *∆θ t ] / [(∆g t *∆θ )* (∆g t *∆θ )]    (12) 

Although this formulation requires storing [A], it is computationally simpler than the 
previous algorithms, since it only requires calculating the gradients. 

 

3  NETWORKS THAT USE PRINCIPAL COMPONENT ANALYSIS 

3.1 STRUCTURE 

The incorporation of principal component analysis (PCA) to neural networks of the 
multilayer type was introduced by Pell et al. in 1992. In their proposal they adopt a 
structure with a hidden layer in which the weights of the first layer are calculated in 
such a way that the input vector is transformed into principal components. The principal 
components analysis technique consists in decomposing the input vector x (with a mean 
of zero and variance of 1) according to: 

 

 



      x = [U]*[Σ½]*[V]t                                 (13)                

Such that:             [V]t*[V] = [V]*[V]t = I     and     [U]t*[U] = [U]*[U]t = I        

The columns of matrix [V] are known as the singular vectors of the right, and the 
diagonal matrix [Σ½] contains the singular values σ, arranged from large to small. The 
decomposition described above is called singular value decomposition (SVD), with 
various robust methods described in linear algebra. The principal components of x 
generate an orthogonal base and are given by: 

    [P]  =  x * [V]                  (14) 

A data matrix consisting of m observations of n variables [X]mxn has n principal 
component vectors pi (i =1 ... n) given by the columns of [P]. The variance of each 
vector pi is given by the corresponding singular value σi, so the first vector, p1, is the 
one that has the largest variation, p2 the second largest, and so on. 

The application of the PCA technique to a data matrix in a neural network has two great 
advantages: 

i)  Inputs to the hidden layer are linearly independent of one another because they were 
transformed into principal components. 

ii)  An analysis of the singular values (σi) makes it possible to eliminate the nodes of 
the hidden layer that do not contribute significantly to the variations of the data (those 
that have small singular values). 

With the purpose of conserving the nonlinear characteristics, other activation functions 
of the polynomial type may be used as an approximation to the sigmoidal functions 
used in feedforward type networks, i.e, 

 

   f(v)= ao +  a1*v  +  a2*v2 + . . .+  ap*vp   =   Σai*vi                    (15)  

 

Figure 4 illustrates the topology of the PCA network, where the weights between the 
inputs and the hidden layer are the singular vectors of the input matrix used in the 
training. The nodes of the hidden layer contain the polynomial functions of degree p, 
while the output is calculated as the confluency of all the nodes. When the number of 
principal components is equal to the dimension of the input vector, then the network is 
said to be "symmetric," 

 

 



It is convenient to define a parameters vector ω that contains the product between the 
weights of the second layer and the coefficients of the polynomials of the activation 
functions. In this way it can be shown that the network's output y can be calculated by 
the following linear relation (Peel et al, 1992): 

  

                    yt =  [ψ]* ω               (16)                

where [ψ] is a matrix defined by  

     [ψ]=[1 p1 p12 p13 ..p1p : 1 p2 p22 . . p2p :  .  : 1 pn pn2 . . pnp]      (17)                

If the singular vectors are kept constant, the parameters vector ω can be calculated using 
the traditional regression techniques for linear systems. 

3.2  TRAINING 

Training of this kind of network may be summarized in the following steps: 

i)  Obtain the singular vectors of the input matrix [X], previously scaled to a mean of 
zero and a variance of 1. 

ii)  Calculate the corresponding principal components (equation 14) 

iii) Determine the matrix [ψ] as a function of the degree of the polynomial p and the 
number of principal components to be used 

iv) Calculate the parameters vector ω (equation 16) by some linear fitting method. 

In this kind of network the structural parameters are the number of principal 
components (number of nodes in the intermediate layer) and the degree of the 
polynomial p. The best set of these parameters is the one that has the lowest prediction 
error over a different set used in the training. As a general rule it is convenient to 
choose initially a symmetric network (number of principal components equal to the 
number of input nodes) and change systematically the order of the polynomial. 

Recursive Adaptation 
Because the determination of the weights of these kinds of networks is reduced to a 
linear regression problem, this same structure can be adapted recursively using the 
robust techniques of recursive least squares, provided the topology of the network and 
its singular vectors, which are considered constant during the adaptation, are specified 
beforehand.  
If a large variation in the structure of the input data is seen (sectorization or alteration of 
information content), a continuous updating of the singular vectors over a mobile data 
window can be implemented. This implementation can be developed as an unsupervised 
neural network, as shown by Oja, 1992. Therefore, this kind of network can have a 

 



totally parallel character, with a first zone in charge of calculating the principal 
components and another in charge of generating the outputs. 
 
4  NETWORKS WITH RADIAL BASIS FUNCTIONS (RBF) 
 
4.1  TOPOLOGY 
Networks with radial basis functions (RBF) are the predecessors of feedforward neural 
networks and are traditionally used as a method for the interpolation of 
multidimensional spaces. Currently, and in view of their structure, they are considered 
as a kind of neural network and have been used successfully for process identification 
and control by Narendra and Parthasarathy, 1991; Chen, S. et al., 1991; Pottmann and 
Seborg, 1992; and Thompson M. and Kramer,1994. These networks are a good 
alternative to multilayer type networks for identifying processes, since the outputs of an 
RBF network are linear with respect to their parameters. 
 
The RBF type networks consist of a layer of several nodes in which the activation 
function acts on the Euclidian norm of the difference between the input vector x and a 
vector c  called the "center," which is specific for each node. The network's output is the 
result of a linear combination between the outputs of the nodes and a weight vector θ. 
Figure 5 shows a scheme of such a network. 
The most widely used activation functions are: 
 
-  Gaussian                              f(v) =  exp(-v/µ) ; µ > 0     
-  Multiquadratic                     f(v) =  (v+µ)½    ; µ > 0  
-  Reciprocal multiquadratic   f(v) =   (v+µ)-½   ; µ > 0  
-  Degree n spline                   f(v) =    vnlog(v)  
 
where v is the result of the confluency operation, defined as the Euclidian distance 
between the input vector x and the center of node i, ci, and is given by 
 

          vi =  ¦ x - ci ¦  =   [(x1-ci1)2+(x2-ci2)2+...+(xn-cin)2]½                 (18)  
 
The network's output is given by the weighted sum of the outputs of the corresponding 
basis according to 
 

                             y  = f(vi)*θi                     (19)   
i

nb

=∑ 1

 

 



The greatest difficulty in using these structures lies in an adequate choice of their 
topology, which involves the choice and the number of centers as well as the kind of 
parameters of the activation function. In the field of the identification of chemical 
processes, Pottmann and Seborg, 1992, propose a methodology based on statistical tests 
to determine automatically the topology of the network and the centers. With examples 
for a simulated reactor and a pilot scale neutralization system, the authors show the 
method's effectiveness; however, it is not quite feasible to implement it in a recursive 
way.  
Historically, the number of basis has been determined by statistical analysis or cross-
correlation, while the centers have been chosen basically by random values or values 
obtained from the same training set. An interesting technique for choosing the centers 
was suggested by Moody and Darken, 1989, based on an algorithm that divides the set 
of data into n sectors, producing a set of n centers, minimizing the mean quadratic error 
incurred by representing the data set by the n centers. These centers can be part of the 
same data set or arbitrary values. One of the main characteristics of this way of 
choosing, called n-mean clustering, is that it can be implemented recursively allowing 
a continuous adaptation of the centers. 
 
4.2  RECURSIVE ADAPTATION OF RBF NETWORKS 
Chen et al., 1991, present an algorithm for recursive training of RBF networks 
consisting of two sub-algorithms, one based on n-mean clustering to adapt the centers, 
and the other, a recursive least squares routine, to determine the network's output 
parameters. 
The n-mean clustering recursive algorithm (NMCR) is not supervised and may be 
summarized in the following steps: 
 
i) Start: Give random initial values to cn centers and specify an initial training speed 
α(o). 
ii)  Incorporate a new input vector x(k). 
iii) Calculate distances and find the minimum distance sector. 
              vi(k)  =  | x(k) -  ci(k-1) |  ,      1 ≤  i  ≤  n  
               cimin = arg [min  vi(k)]                   (20) 
iv)  Adaptation of minimum distance center 
           ci(k) = ci(k-1)  ;  1 ≤  i  ≤  n   ;  i ≠ imin             
              cimin(k)  =   cimin(k-1)  +  α(k)* [x(k) -  cimin(k-1)]          (21) 
 
v) Return to ii. 
 

 



The training speed α(k) must be less than 1 and should decrease slowly to zero. In 
systems with a dynamically variable input structure, α(k) can be kept at a small and 
constant value to ensure a continuous adaptation of the centers. The recursive 
identification algorithm can be carried out sequentially by adapting the centers at every 
instant and then calculating the output weights θ by means of the RLS/VFF algorithm  
  
5  APPLICATION EXAMPLE: Identification of a kinetic parameter. 
5.1  DEFINITION OF THE PROBLEM 
The various algorithms and structures given above are used below for the recursive 
training of neural structures that are capable of predicting a kinetic parameter as a 
function of input and output variables obtained in a nonisothermal highly linear reactor 
CSTR in which the first order reversible reaction A ⇔ R takes place. The final 
objective is to develop a predictive-adaptable controller based on a hybrid-neural model 
of the process (See Section VI for further details). The neural structure must predict the 
kinetic parameter ϒ when the actual concentration of product R and input temperature 
to the reactor Ti are known for present and past instants, i.e. 
  
 
                                          ϒ = NN( Rk ,Ti k ,Ti k-1)          (22) 
 
 
The data set obtained by means of simulations using a phenomenological model of the 
process is shown in Figure 6, where Ti and ϒ are dimensionless between [-1 and 1]. 
 
A total of six recursively adapted neural structures were evaluated, whose main 
characteristics are given in Table 1. The structural parameters such as the number of 
nodes in the hidden layer, the order of the polynomial in the PCA network, and the 
number of basis in the RBF network were determined by the AGTSE cross-correlation 
criterion (Pollard at al., 1992) using another data set. 
 
5.2  IMPLEMENTATION AND RESULTS  
The FFNN networks were initialized with the following parameters:  ß=0.99, [H]-1= 
10.000*I and θ with random values between -1 and 1. In order to make the estimation 
more robust, the trace of the [H]-1 matrix was upper bounded in the three algorithms 
analyzed, using the method of Salgado et al., 1988, given by 
 
                       H-1 =  [ Tr  /Trace( H-1) ] * H-1  ;  if   Trace( H-1)  > Tr .      (23) 
 

 



A value of Tr =  104 was used in the centralized algorithms, and a value of Tr=50 for 
each of the five matrixes of the parallel algorithm (corresponding to the five nodes of 
the network). In the PCA network, the singular vectors were extracted from a DVS of 
the first 30 data using the ortho-normalization method of Gram-Schmidt (GSO), and 
they were considered constant during the adaptation. The singular values were the 
following:  σ = [3.9713  1.501  0.8035]. 
 
In the case of the RBF network the 12 centers were initialized with random values 
between -1 and 1 for Ti and between 0.2 and 0.6 for R. A recursive adjustment of the 
centers was implemented using the NMCR algorithm described earlier, with a heuristic 
for the training speed similar to that suggested by Chen et al., 1991, given by 
 
α(k) =  α(k-1) / ( 1 + 0.05* int (k/12) ) ;    if α(k-1)  > 0.05        
α(k)  =  0.05   ; if  α(k-1)  ≤  0.05            (24)  
 
Figure 7 illustrates the distribution of the centers obtained with the NMCR algorithm 
after one adaptation cycle (120 data). A distribution that is quite representative of the 
data can be seen. 
In the PCA and RBF networks the output parameters θ were estimated with a robust 
algorithm of recursive least squares with variable forgetting factor RLS/VFF, The 
initial parameters, θ, were given random values close to zero (0 to 0.01), and the 
covariance matrix of the parameters a value of 104*I. The information content 
parameter of this algorithm, Σ, was set at 0.01, as recommended by practice 
(Kershenbaum and Perez-Correa,1989).  
The information was submitted sequentially to the estimators from k=1 to k=120, and at 
every instant an adaptation occurred. Once a parameter adaptation had taken place, they 
were kept constant and the structure was used to predict the whole data set. Later, the 
instantaneous quadratic error ê between the output and the prediction was calculated, 
and it served as an indicator to evaluate the modeling capacity and convergence speed 
of each structure. The instantaneous quadratic error is given by 
 

   e k r r
i

ik
^

( ) ( ( ) )= −
=
∑

^

1

120 2
θ            (25)  

 
where ϒ(θk) is the value predicted by the neural structure with its parameters adapted at 
instant k. 
 

 



The error ê is basically an indicator of the state of the estimation. If it decreases 
gradually, the algorithm is in the convergence phase and the identification is in 
progress. Otherwise, the identification diverges due to a deficiency in the structure or in 
the estimator's parameters. When ê tends to a constant value, it is indicative of a final 
convergence, and ê may be seen as the residual or identification error. 
The results obtained for each of the structures analyzed are shown in Figures 8 and 9, 
and it is seen that all of them converge satisfactorily. The residual modeling error and 
the robustness of the estimator were analyzed by presenting the training set repeatedly 
over a certain number of cycles. Figures 10 and 11 show the error in the last adaptation 
of a cycle, i.e. ê(k=120) as a function of the number of times in which the set of data is 
presented to the estimator. 
 
6  CONCLUSIONS 
From the results obtained it is seen that all the structures analyzed were capable of 
adapting satisfactorily to the proposed example, converging in less than one 
presentation cycle. Cyclic repetitions also showed that the algorithms are stable and 
tend to different residual errors, providing an indication of the modeling capacity of 
each structure in particular. In this sense, feedforward type networks show less residual 
error due to their great nonlinear adjustment flexibility, in contrast with the PCA and 
RBF networks, which are more rigid. 
 
The results also indicate differences between the convergence speeds, which are greater 
in the PCA and RBF networks -which practically converge for k>65 as shown in Figure 
9- compared with the feedforward networks –which converge for k>100 (except 
SS/NRS) as seen in Figure 8-, due to the RLS adaptation algorithm, which guarantees 
global optima, and to the smaller number of parameters used. 
 
Among the different feedforward network alternatives studied there are differences in 
both the convergence speed and the residual error, due basically to the simplifications 
introduced in the algorithm for adapting the inverse Hessian matrix. In fact, BFGS and 
NRP are approximations of NRS that imply some deterioration of the previously 
mentioned indicators. 
 
Other characteristics such as the computational load of the adaptation and the ease of 
the structured modeling can also be analyzed. In general, feedforward networks are 
simpler to specify and initialize than PCA and RBF networks, however the algorithms 
are computationally more costly in floating point operations and storage requirements. 
On the other hand, in PCA and RBF networks specification of the intermediate layer 

 



requires an additional effort, mainly in the RFB networks, in which the number of 
centers and the activation function has a marked influence on their performance. 
 
SYMBOLS  
 
[A] :  Inverse Hessian matrix approximation. 
c :  Center of a radial basis.  
ê  :  Instantaneous quadratic error. 
e  :  Prediction error of the network.  
d :  Desired output vector for the neural network. 
f(.) :  Node activation function.  
 g :   gradient of the error.  
[H]  :  Hessian matrix of the neural network. 
int(x) :  Whole part of x. 
J     :  Objective function to be minimized in the training of the neural network. 
k  :  Discrete time. 
m :  Extension of the training data set.  
n :  Input vector dimension. 
nb :  Number of radial basis. 
np :  Number of parameters.  
[P] :  Principal component matrix.  
r :  Net kinetic rate of product formation in CSTR. 
R  :  Product output concentration in CSTR. 
Ti :  Reagent input temperature in CSTR. 
Tr :  Constant trace algorithm parameter. 
u :  Manipulated process variable.  
[V] :  Singular vector matrix.  
vi :  Result of the confluency operation of node i.  
x  :  Neural network input vector.  
[X]  :  Neural network input matrix. 
y   :  Neural network output vector.  
y :  Measured process output. 

y
^

 :  Prediction of process output.  
α :  Parameter in the NMSR method. 
ß  :  Exponential discount factor (forgetting factor). 
η :  Training parameter in the backpropagation method. 
θ  :  Weights of the neural network.  
[Ψ] :  Jacobian matrix of the neural network. 
s :  Singular values vector.  
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Figure 1.  General scheme of a node ; x is the input vector external to the node,  
θ are the psynaptic weights , Φ is the confluency operation between x and θ.  
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Figure 2 :  Scheme of a feedforward type neural network 

 



 
 
 
 

 
 
 
 

Figure 3: Schematic diagram of backpropagation 
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Figure 4: PCA network structure.
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Figure 5 : RBF network structure. 
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Figure.6 :   Values of Ti (input var. of the process), R (output var. of the process) 
and ϒ (kinetic parameter to be estimated) obtained in a nonisothermal CSTR 
reactor with reaction A ⇔ R.  
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Figure 7 : Distribution of centers (�) and data (•) after one adaptation cycle 
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Figure  8:  Evolution of ê in the initial estimation cycle; FFNN networks.  
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Figure 9 :  Evolution of ê in the initial estimation cycle; PCA and RBF networks. 
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Figure 10:  Final estimation error for several estimation cycles, FFNN network. 
 

 

 



 

 

0 5 10 15 20
0.25

0.30

0.35

0.40

0.45

0.50

0.55

 SS/NRS
 PCA/RLS
 RBF/RLS

ER
R

O
R

Ciclos

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11:  Final estimation error for several estimation cycles, PCA and RBF 
networks.

 



 
 

 

Table 1 :  Neural structures used 
 

    

NETWORK  TYPE  f(v) #Nodes  c.o.  #Parameters Algorithm 

SS/NRS FFNN Tanh/Tanh 4  21 NRS 

SS/NRP FFNN Tanh/Tanh 4 21 NRP 

SS/BFGS FFNN Tanh/Tanh 4 21 BFGS 

SL/NRS FFNN Tanh/Lin.  4 20 NRS 

PCA PCA Polyn.  P=3 3 12 GSO / RLS  

RBF RBF Spline  n=2  12 12 NMCR/RLS 

 

 
 
 
 
 
 
 

 

 


	Figure 2 :  Scheme of a feedforward type neural network

