NONLINEAR PROGRAMMING
PROCESS OPTIMIZATION

L. T. Biegler
Chemical Engineering Department
Carnegie Mellon University
Pittsburgh, PA 15213
IbO1@andrew.cmu.edu
http://dynopt.cheme.cmu.edu
October, 2003



Nonlinear Programming and Process
Optimization

Introduction

Unconstrained Optimization

Algorithms
Newton Methods
Quasi-Newton Methods

Constrained Optimization

Kuhn-Tucker Conditions

Special Classes of Optimization Problems

Successive Quadratic Programming (SQP)

Reduced Gradient Methods (GRG2, CONOPT, MINOS)

Process Optimization
Black Box Optimization

Modular Flowsheet Optimization Infeasible Path
The Role of Exact Derivatives

SQP for Large-Scale Nonlinear Programming
Reduced space SQP
Numerical Results — GAMS Models

Realtime Process Optimization
Tailored SQP for Large-Scale Models

Further Applications

Sensitivity Analysis for NLP Solutions
Multiperiod Optimization Problems

Summary and Conclusions



References for Nonlinear Programming and Procesisnization

Bailey, J. K., A. N. Hrymak, S. S. Treiber and R.HRawkins, "Nonlinear Optimization of a Hydrocracke
Fractionation Plant,"Comput. chem. Engngl7, p. 123 (1993).

Beale, E. M. L., "Numerical Methods," iNonlinear Programming(J. Abadie, ed.), North Holland,
Amsterdam, p. 189 (1967)

Berna, T., M. H. Locke and A. W. Westerberg, "A NApproach to Optimization of Chemical Processes,"
AIChE J. 26, p. 37 (1980).

Betts, J.T., Huffman, W.P., "Application of spanmsenlinear programming to trajectory optimizatiah"
Guid. Control Dyn, 15, no.1, p. 198 (1992)

Biegler, L. T., and R. R. Hughes, "Infeasible Pafttimization of Sequential Modular Simulator&IChE
J., 26, p. 37 (1982)

Biegler, L. T., J. Nocedal and C. Schmid, "Reduddeissian Strategies for Large-Scale Nonlinear
Programming,'SIAM Journal of Optimizatign5, 2, p. 314 (1995).

Biegler, L. T., J. Nocedal, C. Schmid and D. Jingé¢ "Numerical Experience with a Reduced Hessian
Method for Large Scale Constrained OptimizatioBgmputational Optimization and Applicatiqris, p.

45 (2000)

Biegler, L. T., Claudia Schmid, and David Ternét,Multiplier-Free, Reduced Hessian Method For Pssce
Optimization," Large-Scale Optimization with Applications, Part @ptimal Design and Control,L. T.
Biegler, T. F. Coleman, A. R. Conn and F. N. Saamt(eds.), p. 101, IMA Volumes in Mathematics and
Applications Springer Verlag (1997)

Chen, H-S, and M. A. Stadtherr, "A simultaneous uiad approach to process flowsheeting and
optimization,"AIChE J, 31, p. 1843 (1985)

Dennis, J. E. and R. B. SchnabBlumerical Methods for Unconstrained OptimizationdaXonlinear
Equations Prentice Hall, New Jersey (1983) reprinted by SIAM

Edgar, T. F, D. M. Himmelblau and L. S. Lasd@ptimization of Chemical Process@&dcGraw-Hill, New
York (2001)

Fletcher, R.Practical Methods of OptimizatioWiley, New York (1987).

Gill, P. E., W. Murray, M. A. Saunders and M. H. ight, Practical Optimization,. Academic Press
(1981).

Grossmann, I. E., and L. T. Biegler, "OptimizingeBfical ProcessesChemtechp. 27,25, 12 (1996)

Han, S-P., "A globally convergent method for noaéin programming,JOTA,22, p. 297 (1977)

Karush, W., MS Thesis, Department of Mathematiasyersity of Chicago (1939)

Kisala, T.P.; Trevino-Lozano, R.A., Boston, J.Frjt3 H.l., and Evans, L.B., "Sequential modulardan

simultaneous modular strategies for process floatsgtimization",Comput. Chem. Engll, 567-79
(1987)



Kuhn, H. W. and A. W. Tucker, "Nonlinear Programmihin Proceedings of the Second Berkeley
Symposium on Mathematical Statistics and Probabifit 481, J. Neyman (ed.), University of California
Press (1951)

Lang, Y-D and L. T. Biegler, "A unified algorithnoif flowsheet optimization,Comput. chem. Engng11,
p. 143 (1987).

Liebman, J., L. Lasdon, L. Shrage and A. WaMadeling and Optimization with GINO
Scientific Press, Palo Alto (1984)

Locke, M. H. , R. Edahl and A. W. Westerberg, "Amproved Successive Quadratic Programming
Optimization Algorithm for Engineering Design Prebis,"AIChE J, 29, 5, (1983).

Murtagh, B. A. and M. A. Saunders, "A Projected taagyian Algorithm and Its Implementation for Sparse
Nonlinear Constraints'Math Prog Study16, 84-117, 1982.

Nocedal, J. and M. Overton, "Projected Hessian tipglaalgorithms for nonlinearly constrained
optimization,"SIAM J. Num. Angl22, p. 5 (1985)

Nocedal, J. and S. J. Wrigihtpnlinear OptimizationSpringer (1998)

Powell, M. J. D., "A Fast Algorithm for Nonlinearo@strained Optimization Calculationd,977 Dundee
Conference on Numerical Analysi€l977)

Schmid, C. and L. T. Biegler, "Quadratic Programgniigorithms for reduced Hessian SQESmputers
and Chemical Engineeringl8, p. 817 (1994).

Schittkowski, KlausMore test examples for nonlinear programming codescture notes in economics
and mathematical systems # 282, Springer-VerlagirBeNew York (1987)

Ternet, D. J. and L. T. Biegler, "Recent Improvetsein a Multiplier Free Reduced Hessian Successive
Quadratic Programming AlgorithmComputers and Chemical Engineeri2@, 7/8. p. 963 (1998)

Varvarezos, D. K., L. T. Biegler, I. E. Grossmariultiperiod Design Optimization with SQP
Decomposition,'Computers and Chemical Engineerid@, 7, p. 579 (1994)

Vasantharajan, S., J. Viswanathan and L. T. Biegl8Reduced Successive Quadratic Programming
implementation for large-scale optimization probtemith smaller degrees of freedomComput. chem.
Engng 14, 907 (1990).

Wilson, R. B., "A Simplicial Algorithm for Concaverogramming,” PhD Thesis, Harvard University
(1963)

Wolbert, D., X. Joulia, B. Koehret and L. T. BiegléFlowsheet Optimization and Optimal Sensitivity
Analysis Using Exact DerivativesComputers and Chemical Engineerjid@, 11/12, p. 1083 (1994)



Introduction

Optimization given a system or process, find the
best solution to this process within constraints.

Objective Function indicator of "goodness" of
solution, e.g., cost, yield, profit, etc.

Decision Variables variables that influence
process behavior and can be adjusted for
optimization.

In many cases, this task is done by trial and
error (through case study). Here, we are
interested in aystematicapproach to this task -
and to make this task as efficient as possible.

Some related areas:

- Math programming
- Operations Research

Currently - Over 30 journals devoted to
optimization with roughly 200 papers/month - a
fast moving field!



Viewpoints

Mathematician- characterization of theoretical
properties of optimization, convergence,
existence, local convergence rates.

Numerical Analyst - implementation of
optimization method for efficient and "practical”
use. Concerned with ease of computations,
numerical stability, performance.

Engineer- applies optimization method to real
problems. Concerned with reliability, robustness,
efficiency, diagnosis, and recovery from failure.
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UNCONSTRAINED MULTIVARIABLE
OPTIMIZATION

Problem Min f(x)
(n variables)

Note: Equivalentto Max -f(x)
xi R

Organization of Methods

Nonsmooth Function

- Direct Search Methods
- Statistical/Random Methods

Smooth Functions

- 1st Order Methods
- Newton Type Methods
- Conjugate Gradients



Example Optimal Vessel Dimensions

What is the optimal L/D ratio for a cylindrical vessel?
Constrained Problem

2
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Note:

- What if L cannot be eliminated in (1)
explicitly? (strange shape)

- What if D cannot be extracted from (2)?
(cost correlation implicit)



Two Dimensional Contours of f(X)
Convex Function Nonconvex Function

D [

Multimodal, Nonconvex

Q
N\

Discontinuous Nondifferentiable (convex)

—




Some Important Points

We will develop methods that will find Bpcal minimum

point x* for f(x) for a feasible region defined by the
constraint functions: f(x*)’ I[ IRU DOO [ VDWLVINLQJ WKH
constraints in some neighborhood around x*

Finding and verifyingglobal solutionsto this NLP will not
be considered here. It requires an exhaustive (spatial branch
and bound) and it much more expensive.

A local solution to the NLP is also a global solution under
the followingsufficient conditions based on convexity.

A convex functiorf (x) for x in some domain X, if and only
If it satisfies the relation:

flay+(l-a) 2)" af(y) +(1a)i(2)

foranya, 0” a” 1, at all pointsy and z in X.

11



Some Notation

Matrix Notation - Some Definitions

o Scalars - Greek lettera, b, g
» Vectors - Roman Letters, lower case
* Matrices - Roman Letters, upper case

Matrix Multiplication -C = ABif ATA NXM BTA MXp
and Cl A "XP gj = Sy aik by

Transpose - if A A " XM then interchanging rows and
columns leads to AA Mxn

Symmetric Matrix - Al A "XN(square matrix) and A ="A

|dentity Matrix - |, square matrix with ones on diagonal and
zeroes elsewhere.

Determinant - "Inverse Volume" measure of a square
matrix
det(A) = Si (-1)" Aj Aj for any j, or

det(A) = Sj(-1) Aj Ajj for any i, wherej is the
determinant of an order n-1 matrix with row |
and column j removed.

Singular Matrix - det (A) =0

12



Eigenvalues - det(A- 1) =0
Eigenvector - Av 3 v

* These are characteristic values and directions of a
matrix.

« For nonsymmetric matrices eigenvalues can be
complex, so we often use singular values,

s = I( ATA)¥230

Some ldentities for Determinant
det(A B) = det(A) det(B) det (A) = det(A

det@A) = an det(A) det(A) =P li(A)

Vector Norms

I x b =1 Si[x[P} P

(most common are p = 1, p = 2 (Euclidean) and¥p(max
norm = maxxi|))

Matrix Norms

[|Al| = max [|A x||/||x|| over x (for p-norms)
lIAl} - max column sum of A, makS; |Ajj|)
[|Alk - maximum row sum of A, ma(Sj | A |)
[|Al} = [SmadA)] (Spectral radius)
IAIE = [Si S (Ai))3¥2(Frobenius norm)
K(A) = ||A]] ||A']] (condition number)

=S madSmin (USING 2-NOrm)

13



UNCONSTRAINED METHODS THAT USE
DERIVATIVES

Gradient Vector (Nf(x))

éff / s, u
. O gl
Nf = a %20

e
eff | .0

Hessian Matrix (N2f(X) - Symmetric)

A @72 2 2 N
eqf g°f % % x 7°f U

éf/3(12 X1 X2 X1 7/3(nl,J
sz(x) = Wu
Z 7't il X X X X il z
E9Xn X1 Xn IX2 1x5 0
1°f G

Note: X 9 = ﬂXjﬂXi
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Eigenvalues(Characteristic Values)

Find x and where AX = Iixi,i=i,n
Note: AX-IXx=(A-I)x=0 ordet(A41)=0

For this relationl is an eigenvalueand x is an
eigenvectoof A. If A is symmetric all | | are real

| >0,1=1,n; Alspositivelefinite

| <0,1=1,n; Alisnegativaefinite

| =0, some i: Alissingular

Quadratic Form can be expressed in_ Canonicabrm
(Eigenvalue/Eigenvector)

XAX P AX = XL
X - eigenvector matrix (n x n)
L - eigenvalue (diagonal) matrix = diag(

If A is symmetri¢ all | ~are realand X can be chosen
orthonormal(X” = X'). Thus, A=XL X = XL X'

For Quadratid-unction
Q(x) :a{x:% X A X
define:
z=Xx,Q(X) = Q(z) = x = Xz, (Ta()z+% Z' Lz

Minimum occurs at (if > 0)
x=-Aa or x=Xz=-X( Xa)

15



Classification of Surfaces

1. Both eigenvalues are strictly positive or negative
* A s positive definiteor negative definite
« Stationary points are minima or maxima

2. One eigenvalue is zero, the other is strictly positive or negative
* A s positive semidefiniter negative semidefinite
» There is a ridge of stationary points (minima or maxima)




3. One eigenvalue is positive, the other is negative

e Stationary point is a saddle point

e A is indefinite

v .
L - Point \

\ X1
/ @

Note: these can also be viewed as two dimensional
projections for higher dimensional problems

Y (C

17



Example

N , N
Min %H%ﬂg ;§X=Q(X)
_ _ e
AX = XLA = ¢ 4
| = & 0u y_ &2 9¥20
o ¥ &1/v2 V24

 All eigenvalues positive

10T
e Minmumatz*=L X a

21: % (x2 - x2) X1 =%(21 + 72

Z = % (x1 + x2) X2 :%(-Zl + 72)
z = XX X = Xz
& U * — d/3u

2" = oy A

18



Optimality Conditions what characterizes a (locally)
optimal solution?

For smooth functions, why are contours around
optimum elliptical?

Taylor Seriesin n dimensions about x*

f(x) = fOx) + R (x - x*)
+ 1 (- %) RITe) (- %) + .

SinceNf(x*) = 0, f(x) is purelyquadraticfor x close to
X*

19



Comparison of Optimization Methods

1. Convergence Theory
» Global Convergence - will it converge to a local
optimum (or stationary point) from a poor starting
point?
« Local Convergence Rate - how fast will it converge
close to the solution?

2. Benchmarks on Large Class of Test Problems
Representative Problem (Hughes, 1981)
Min f(x1, X2) =a exp(b)
u=x-0.8
V=X - (a+ & W (1- u}?- au)
a=-b + b ¥ (1+u)?+ b u
b=cv*(1-6V)/(1+gU)
a=[0.3,0.6,0.2], b =[5, 26, 3], c =[40, D]1
x* = [0.7395, 0.3144] f(x*) = 5.0893

09t

08r

0.7 r

06F

0a5r

0.4r

03r

02r

01 F

01 02 03 04 05 0B 07 08 09 1 1.1
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Three Dimensional Surface for Representative Test
Problem

21



Regions of Minimum Eigenvalues
for Representative Test Problem
[0, -10, -50, -100, -150, -200]

_ . 10
.10 50
10

: 10
50 5
_ 0
50
_ 10
10 0 .
15 .
0 20
0
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Optimality Conditionswhat characterizes a (locally)
optimal solution?

NecessaryConditions
Nf (x*) = 0
yNZf (x*)y s IRrally
(positive semidefinite)

For smooth functions, contours around optimum are
elliptical. Why?
Taylor series im dimensions about x*
f(x) = f(x*) + Nf (x*) T(x-x*)
+ 1/2 (X-x*)TNZf(x*) (X-X*) + ...

SinceNf (x*) = 0, the dominant term is quadratic and the

function can be characterized local by quadratic forms.
0.38

0.34

0.30

0.26
0.62 0.70 0.78
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NEWTON'S METHOD

Taylor Series for f(x) about X

Take derivative wrt x, set LHS
0 8RIf(x) = KIf(xK) + R F(xK) (x - XK)

b (x-xX)°d= - f(xk)" Kif(xK)

Notes:

1. f(x) is convex (concave) F{IZf(x) is all positive
(negative) semidefinite,
L.e. miplj3 0 (maxlj”

2. Method can fail if:
- X far from optimum

~2 . .
- N fis singular at any point
- function is not smooth

3. Search direction, d, requires solution of linear
equations.

. 2
4. Near solution] x*** - x*|| = K| xk - x* |

24



0.

BASIC NEWTON ALGORITHM

Guesx , Evaluate f(%.

At xk, evaluateNf(xK).

Evaluate Bfrom Hessian or an approximation.

Solve  Bkd = Nf(xk)

If convergence error is less than tolerance:
e.g..|| Nf(xk) ||£ eand ||d|E e STOP, else go to 4.

Finda so that 0 @ £ 1 and f(k + ad) < f(xk)
sufficiently (Each trial requires evaluation of f(x))

xk+tl=xk+ad. Setk=k+ IGoto 1.

25



Newton's Method
Convergence Path

091

0.8

0.7

06|

05F

0.4}

0.3F

0.2F

0.1F

o1 02 03 04 05 0B 07 08 09 1 11

Starting Points

[0.8, 0.2] requires steepest descent steps with line
search up to O} converges in 7 iterations

to [NF(x*)|| ” -

[0.35, 0.65] converges in four iterations with full steps
to |Nf(x*)|| ” 108
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Notes on Algorithm

1. Choice of B determines method.
e.g. B = (L/|Nf(xK)|] | SteepedDescent

B< = N2f(x) Newton

2. With suitable B, performance may be good enough
if f(xk + ad) merely improves (instead of minimized).

3. Local rate of convergence (local speed) depends on
choice of B.

* Newton - Quadratic Rate

lim [X<t-x
k®¥ ||x"- P

» Steepest Descent - Linear Rate
|k 2

= <1
XK - x|

lIMkey

» Desired - Superlinear Rate
IXk+1-X*|| )

X<

limkexy

4. Trust region extensions to Newton's method provide
for very strong global convergence properties and very
reliable algorithms.

27



QUASI-NEWTON METHODS

Motivation:
. Need Bto be positive definite.
« Avoid calculation of\¥.

« Avoid solution of linear system for d = - {BL Nf(x)

Strategy Define matrix updating formulas that givekjB
symmetric, positive definite arshtisfy:
(Bk+D)(xk+1 - xk) = (Nfk+1 - Nfk) (Secant relation)

DEP Formula(Davidon, Fletcher, Powell, 1958, 1964)

T

B! = B + (y _ Bks)yT + y(y _ BkS)T ) (y ) BkS)TSyy
y's (yTsXyTs)

or for Hk = (B¥)-1

. s§  Hy y HX
Hklek+T__ yyk
Sy y H%

where: S = Kkl - xk
y =Nf (xk+1) - Nf (xK)

28



BFGS Formula(Broyden, Fletcher, Goldfarb, Shanno)

gk = gk 4+ E ) BXs s'TBX
T k
SY sSBS
or for H = (BY)-1
kel — gk (S - Hky)ST + S(S 'Hky)T (y - HkS)TySST
H = H + T - T T
Y's v's)hy's)

Notes:

1) Both formulas are derived under__similar
assumptionsnd have symmetry

2) Both have superline@onvergencand terminate in
n steps on quadratic functions. They are identical if
IS minimized.

3) BFGS is more stable and performs better than DFP,
In general.

4) For n£ 100, these are the besethods for general
purpose problems.

29



Quasi-Newton Method - BFGS
Convergence Path

09k

G F

0.7 F

Obr

05k

0.4F

03F

0.2F

0.1F

o1 02 03 04 08 0Ok 07 08 0% 1 1.1

Starting Point

[0.8, 0.2] starting from B= | and staying in bounds
converges in 9 iterations tdlf(x*)|| * ©
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Sources for Unconstrained Software

Harwell

IMSL
NAQ - Unconstrained Optimization (Example)

EO4FCF - Unconstrained minimum of a sum of squares, combined Gauss--
Newton and modified Newton algorithm using function values only
(comprehensive)

EO4FYF - Unconstrained minimum of a sum of squares, combined Gauss--
Newton and modified Newton algorithm using function values only (easy-to-use)

EO4GBF - Unconstrained minimum of a sum of squares, combined Gauss--
Newton and quasi-Newton algorithm using first derivatives (comprehensive)

EO4GDF - Unconstrained minimum of a sum of squares, combined Gauss--
Newton and modified Newton algorithm using first derivatives (comprehensive)

EO4HEF - Unconstrained minimum of a sum of squares, combined Gauss--
Newton and modified Newton algorithm, using second derivatives
(comprehensive)

EO4KDF - Minimum, function of several variables, modified Newton algorjt
simple bounds, using first derivatives (comprehensive)

EO4LBF - Minimum, function of several variables, modified Newton algorjt
simple bounds, using first and second derivatives (comprehensive)

Netlib (www.netlib.org)
MINPACK, TOMS Algorithms, Etc.
These sources contain various methods

Quasi-Newton, Gauss-Newton, Sparse Newton
Conjugate Gradient

31



CONSTRAINED OPTIMIZATION
(Nonlinear Programming)

Problem Miny f(x)

s.t. gxXEO
h(x)=0

where

f(x) - scalar objective function

X - nvector of variables
g(x) - inequality constraints, m vector
h(x) - meq equality constraints.
degrees of freedom = n - meq.

Sufficient Condition for Unique Optimum

- f(x) must beconvex and
- feasible region must be convex,
l.e. g(x) are altonvex
h(x) are allinear

Except in special cases, ther isquarante¢hat a local
optimumis globalif sufficient conditions are violated.

32



Example Minimize Packing Dimensions

le
1[e B@_ .

What is the smallest box for three round objects?

Variables A,B, (X1, V1), (X2, ¥2), (X, ¥3)

Fixed ParametersRy, R, R

Objective Minimize Perimeter = 2(A+B)
Constraints Circles remain in box, cant overlap
Decisions Sides of box, centers of circles.

}.Xl, Y1 * Rg x1 £ B-R;, Y1 £EA-R
. 1 3 £ B- Ry, £ A-
in bOX .I.XZ’ Yo R2 X2 R2, Yo R2

Ix3 Y323 R3 x3 £B-R3, Y3 £ A-R3

T - x2)? + (1 - y2)2 3 (R1 + Ro)?
|

no overlaps (x - xsf® + (1 - vaf * (R + Ra)
’

k2 - xaf + (2 - Vof * (R2 + R9)?

X1, X2, X3, V1, Y2, Y3, A, B3 0

33



Characterization of Constrained Optima

AN N . \
Min \

Linear Program Linear Program
(Alternate Optima)

Min

Convem Functions

Linear Constraints

Nonconvex Region Min o
. . Nonconvex Objective
Multiple Optima vex Dbjectiv

Multiple Optima

34



WHAT ARE THE CONDITIONS THAT
CHARACTERIZE AN OPTIMAL SOLUTION?

X2

Contours B f(x)

Unconstrained Problem - Local Min.

Nf (x¥) = 0
yNf(x*)y s IRUDOO\
(positive semidefinite)

NecessarnyConditions

35



OPTIMAL SOLUTION FOR INEQUALITY
CONSTRAINED PROBLEM

X2

Contours ©

Min  f(X)
st g(x)’

Analogy. Ball rolling down valley pinned by fence

Note Balance of forcesNf, Ng,)

36



OPTIMAL SOLUTION FOR GENERAL
CONSTRAINED PROBLEM

X2 g1(x) SO

Yo

}‘ h(x) = 0

= \
% g2(x) SO
[
Contours ® ‘&

Problem: Min f(x)

s.t. g(x)’
h(x)=0

(

Analogy. Ball rolling on rail pinned by fences
Balance of forcesNf, Ngi, Nh

37



OPTIMALITY CONDITIONS FOR LOCAL
OPTIMUM

1stOrderKuhn- TuckerConditions(Necessary)

NL (x*, u, v) = Nf(x*) + Ng(x*) u + Nh(x*) v=0
(Balance of Forces)

Uue
(Inequalities act in only one direction)

g(x)" K
(Feasibility)

Uj gj(x*) = 0
(Complementarity - either, & 0 or g(x*) =0
at constraint or off)

u, v are "weights" for "forces," known as
* Kuhn - Tucker & Lagrange multipliers
» Shadow prices
e Dual variables

2nd OrderConditions (Sufficient)

- Positive curvature in "constraint" directions.
- p N'L (x*) p >0, where p are all constrained
directions.

38



Example: Application of Kuhn Tucker Conditions

f(x)

|. Consider the single variable problem:
Min (x)2 st.-a’["D ZKHUHD'!

where x* = 0 is seen by inspection. The Lagrange function
for this problem can be written as:

L(X, u) =X+ w (x-a) + & (-a-x)
with the first order Kuhn Tucker conditions given by:
NL(X,U)=2X+U4-l=0

u(x-a)=0 u(-ax)=0
-a’["D Up, Up e

39



Consider three cases:

u>0, u=0;
ur=0, u>0;
ur=w=0.

e Upper bound is active, x =g "-2a, 4 =0
e Lower bound is active, x = -aze -2a,y=0
 Neither bound is active; 0, =0, x=0

Evaluate the second order conditions. At x* = 0 we have
N L (x* u*v¥)=2>0
D N L (x*, u*, v)p=2 (Dx)" >0

for all allowable directions. Therefore the solution x* = 0
satisfies both the sufficient first and second order Kuhn
Tucker conditions for a local minimum.

40



<- — 4

f(x)

Il. Change the sign on the objective function and solve:
Min —(x)zs.t. -a'["D ZKHUHD !

Here the solution, x* = a or -a, is seen by inspection. The
Lagrange function for this problem is now written as:

L(X, M) = =(x) + th (x-a) + b (-a-x)
with the first order Kuhn Tucker conditions given by:
NL(X, U)=-2X+U-l=0

uXx-a=0 u(-a-x)=0
a’["D Ug, Up e

41



Consider three cases:

u >0, B=_0;
u=0,uwu>0;
Up=w=0.

* Upper bound is active, x =a,®82a,u=0
e Lower bound is active, x=-a; g 2a,y=0
 Neither bound is active; 0, », =0, x=0

Check the second order conditions to discriminate among
these points.

At x = 0, we realize allowable directions pDx > 0 and -
Dx and we have:
pT NXXL (X’ u’ V) p = -2 DX)Z < O

For x = a or x = -a, we require the allowable direction to
satisfy the active constraints exactly. Here, any point along
the allowable direction, x* must remain at its boutkar

this problem, however, there are no nonzero allowable
directions that satisfy this condition. Consequently the
solution x* is defined entirely by the active constraint. The
condition:

D N L (x* u*,v)p >0

for all allowable directions, igacuously satisfied - because
there arano allowable directions.
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Role of Kuhn Tucker Multipliers

a+ Da

fx)

Also known as;

 Shadow Prices
* Dual Variables
« Lagrange Multipliers

Supposea in the constraint is changeddor [a
f(x*) = (a + Day
and
[f(x*, a + Da) - f(x*, a)]/Da = 2a HDa

df(x*)/da=2a =y
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SPECIAL "CASES" OF NONLINEAR
PROGRAMMING

Linear Programming

Min  cX
s.t. AX'E
Cx=d, x

Functions are altonvexpP global min.

Because of Linearity, can prove solution will always
lie at vertex of feasible region.

Simplex Method

- Start at vertex

- Move to adjacent vertex that offers most

improvement

- Continue until no further improvement
Notes

1) LP has wide uses in planning, blending and
scheduling
2) Canned programs widely available.
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Example Simplex Method

Min -2x1 - 3x2 Min -2x1 - 3x2
S.t. 2>§ + X " P s.t. 2)1( +X +X = 5
X, X ® X, X, X ®

17 72 R L

(add slack variable)

Now, define f = -2X- 3X,
P f+2xl+3x2:0
Setx, X, =0, 83=95 and form tableau

X X x3 f b X, X,
nonbasic
2 1 1 0 5 x

3
basic

O -3 1 -15
f can no longer be decreased! Optimal

The underlined terms are -(reduced gradients) for
nonbasic variables (xx). X, is basic at optimum.
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QUADRATIC PROGRAMMING

Problem Min ax + 1/2 X B X
AX"E
Cx=d

1) Can be solved using LP-like techniques:
(Wolfe, 1959)

P Min §(z++7)
st. a+Bx+A+Cv=z-2
AX-b+s=0
Cx-d=0
S,%,Z °
{u s =0}
with complicating conditions.

2) If B is positive definite, QP solution is unique.
If B Iis pos. semidefinite, optimum value is unique.

3) Other methods for solving QP (faster)

- Complementary Pivoting (Lemke)
- Range, Null Space methods (Gill, Murray).
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PORTFOLIO PLANNING PROBLEM

Formulation using LPs and QPS

Definitions
X - fraction or amount invested in security |

r (t) - (1 + rate of return) for investment i in year t.
m - average r(t) over T years, I.e.

ari)

t=1

—IlH

LP Formulation

(o]
Maxa 77 Xi
Axi £ C (total capite)

St 43 g

etc.

Note we are only going for maximum average return and
there is no accounting for risk.
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Definition of Risk - fluctuation of j(t) over investment (or
past) time period.

To minimize risk, minimize variance about portfolio mean
(risk averse).

Variance/Covariance Matrix S

Qo

{3, = si = % (ri(t)'mu)(rj(t)'mj)

1

Quadratic Program

Min X SXx
(o)
ax =1
(o)
amx; * R
S.t.
Xj 3 O, .

Example 3 investments

I’_Til
1. IBM 1.3
2. GM 1.2
3. Gold 1.08
6 3 1 -0%
Ss=@é&1 2 04
0.5 0.4 #
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GAMS 2.25 PC AT/XT

SIMPLE PORTFOLIO INVESTMENT PROBLEM (MARKOWITZ)
4

5 OPTION LIMROW=0;

6 OPTION LIMXOL=0;

7

8 VARIABLES IBM, GM, GOLD, OBJQP, OBJLP;

9

10 EQUATIONS E1,E2,QP,LP;

12 LP.. OBJLP =E= 1.3*IBM + 1.2*GM + 1.08*GOLD;

14 QP.. OBJQP =E= 3*IBM**2 + 2*IBM*GM - IBM*GOLD
15 + 2*GM**2 - 0.8*GM*GOLD + GOLD**2;

17 E1..1.3*IBM + 1.2*GM + 1.08*GOLD =G= 1.15;

19 E2..IBM + GM + GOLD =E= 1;

21 IBM.LO =0.:

22 IBM.UP = 0.75;

23 GM.LO=0

24 GM.UP = 0.75;

25 GOLD.LO =0

26 GOLD.UP =0.75;

28 MODEL PORTQP/QP,E1,E2/;

30 MODEL PORTLP/LP,E2/;

32 SOLVE PORTLP USING LP MAXIMIZING OBJLP;
34 SOLVE PORTQP USING NLP MINIMIZING OBJQP:;
COMPILATION TIME = 1.210 SECONDS
GAMS 2.25 PC AT/XT

SIMPLE PORTFOLIO ONVESTMENT PROBLEM (MARKOWITZ)
Model Statistics SOLVE PORTLP USING LP FROM LINE

MODEL STATISTICS

BLOCKS OF EQUATIONS 2 SINGLE EQUATIONS
BLOCKS OF VARIABLES 4 SINGLE VARIABLES
NON ZERO ELEMENTS 7

GENERATION TIME = 1.040 SECONDS
EXECUTION TIME = 1.970 SECONDS

GAMS 2.25 PC AT/XT
SIMPLE PORTFOLIO INVESTMENT PROBLEM (MARKOWITZ)
Solution Report  SOLVE PORTLP USING LP FROM H$2
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SOLVE SUMMARY

MODELPORTLP OBJECTIVE OBJLP
TYPE LP DIRECTION
SOLVER BDMLP FROM LINE 32

**** SOLVER STATUS 1 NORMAL COMPLETION

»x MODEL STATUS 1 OPTIMAL

**+* OBJECTIVE VALUE 1.2750

RESOURCE USAGE, LIMIT 1.270 1000.000

ITERATION COUNT, LIMIT 1 1000

BDM - LP VERSION 1.01

A. Brooke, A. Drud, and A. Meeraus,
Analytic Support Unit,

Development Research Department,
World Bank,

Washington D.C. 20433, U.S.A.

DEMONSTRATION MODE
You do not have a full license for this program.

The following size restrictions apply:
Total nonzero elements: 1000

Estimate work space needed - - 33 Kb
Work space allocated - - 231 Kb

EXIT - - OPTIMAL SOLUTION FOUND.

LOWER LEVEL UPPER
---- EQULP . . .
---- EQUE2 1.000 1.000 1.000

LOWER LEVEL UPPER
---- VAR IBM . 0.750 0.750
---- VAR GM . 0.250 0.750
---- VARGOLD . . 0.750
---- VAROBJLP -INF 1.275 +INF
#ox REPORT SUMMARY :© 0 NONOPT

0 INFEASIBLE

0 UNBOUNDED

GAMS 2.25 PC AT/XT
SIMPLE PORTFOLIO INVESTMENT PROBLEM (MARKOWITZ)
Model Statistics SOLVE PORTQP USING NLP FROMNH 34

MODEL STATISTICS
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MAXIMIZE

MARGINAL
1.000
1.200
MARGINAL
0.100

-0.120



BLOCKS OF EQUATIONS 3 SINGLE EQUATIONS 3

BLOCKS OF VARIABLES 4 SINGLE VARIABLES 4

NON ZERO ELEMENTS 10 NON LINEAR N-Z 3

DERIVITIVE POOL 8 CONSTANT POOL 3

CODE LENGTH 95

GENERATION TIME = 2.360 SECONDS

EXECUTION TIME = 3.510 SECONDS VERID TP5-00-038

GAMS 2.25 PC AT/XT
SIMPLE PORTFOLIO INVESTMENT PROBLEM (MARKOWITZ)
Solution Report  SOLVE PORTLP USING LP FROM HI$4

SOLVE SUMMARY

MODELPORTLP OBJECTIVE OBJLP
TYPE LP DIRECTION MAXIMIZE
SOLVER MINOS5 FROMLINE 34

% SOLVER STATUS 1 NORMAL COMPLETION

** MODEL STATUS 2 LOCALLY OPTIMAL

*** OBJECTIVE VALUE 0.4210

RESOURCE USAGE, LIMIT 3.129 1000.000

ITERATION COUNT, LIMIT 3 1000

EVALUATION ERRORS 0 0

MINOS 53 (Nov. 1990) Ver: 225-DOS-02

B.A. Murtagh, University of New South Wales

and
P.E. Gill, W. Murray, M.A. Saunders and M.H. Wright
Systems Optimization Laboratory, Stanford Universit

DEMONSTRATION MODE
You do not have a full license for this program.
The following size restrictions apply:
Total nonzero elements: 1000
Nonlinear nonzero elements: 300

Estimate work space needed - - 39 Kb
Work space allocated - - 40 Kb

EXIT - - OPTIMAL SOLUTION FOUND

MAJOR ITNS, LIMIT 1
FUNOBJ, FUNCON CALLS 8
SUPERBASICS 1
INTERPRETER USAGE .21
NORM RG / NORM PI 3.732E-17

LOWER LEVEL UPPER MARGINAL
---- EQU QP . . . 1.000
---- EQUE1 1.150 1.150 +INF 1.216
---- EQUE2 1.000 1.000 1.000 -0.556
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LOWER LEVEL UPPER MARGINAL

---- VAR IBM . 0.183 0.750 .
---- VARGM . 0.248 0.750 EPS
---- VAR GOLD . 0.569 0.750

---- VAROBJLP -INF 1.421 +INF

**** REPORT SUMMARY : 0 NONOPT

0 INFEASIBLE
0 UNBOUNDED
0 ERRORS

GAMS 2.25 PC AT/XT

SIMPLE PORTFOLIO INVESTMENT PROBLEM (MARKOWITZ)
Model Statistics SOLVE PORTQP USING NLP FROMNH 34

EXECUTION TIME = 1.090 SECONDS VERID TP5-00-038

USER: CACHE DESIGN CASE STUDIES G911007-1447ARST
GAMS DEMONSTRATION VERSION
**** FILE SUMMARY

INPUT C\GAMS\PORT.GMS
OUTPUT C:\GAMS\PORT.LST
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ALGORITHMS FOR CONSTRAINED PROBLEMS

Motivation: Build on unconstrained methods wherever
possible.

Classification of Methods:

PenaltyFunction - popular in 1970s, but no
commercial codes. Barrier Methods are currently
under development

- Successivéinear Programming- only useful
for "mostly linear" problems

- Successiv®uadratidProgramming- library
implementations - generic
ReducedGradientMethods - (with Restoration)
GRG2
ReducedsradientMethods - (without
Restoration) MINOS

We will concentrate on algorithms for last three classes.

Evaluation Compare performance on "typical problem,"
cite experience on process problems.
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091

0.8

0.7

06|

05F

0.4}

0.3F

0.2F

0.1F

Representative Constrained Problem
(Hughes, 1981)

o1 02 03 04 05 0B 07 08 09 1 11

Min f(x1, X2) =a exp(b)

u=x-0.8

V=X-(a+aU(1- u}?- g u)
a=-b,+hbuw(1+u)}?+ byu
b=cv*(1-6V)/(1+gU)

a=[0.3,0.6,0.2], b=[5 26, 3], c=[40, D]1

01 = (%+0.1R[X12+2(1-%)(1-2%)] - 0.16”
g2= (X - 0.3+ (x2- 0.3R-0.16"

x* =[0.6335, 0.3465]
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Successive Quadratic Programming

(SQP)

Motivation:

« Take Kuhn-Tucker conditions, expand in Taylor series
about current point.

» Take Newton step (QP) to determine next point.

Derivation

Kuhn - TuckerConditions

N L (x*, u*, v*) =
Nf(x*) + Nga(x*) u* + Nh(x*) v* = 0

u(X*) =0
h(x*) =0

where g are the activeonstraints

Newton- Step

Kol Ng Rho e il & ue, v
e 1 A ue u & ‘ 0
g\lgA 0 OHgDUH:'é ga (x) 0
&Nh' 0 00 éwu &  h{xY :

Need: NyL calculated
correct active setxg
good estimates ofpv

55



SQP Chronology

1. Wilson(1963)

- active set can be determined by solving QP:

Min Rf(x¥)'d + 1/2 d N L(x, U, W) d
d
s.t. g(¥) +Ng(x)"d”
h(&) + Rh(x)Td =0

2. Han (1976), (1977), Powell (1977), (1978)
- estimateéNxxL using a quasi-Newton update

(BFGS) to form B (positive definite)

- use a line search to converge from poor starting
points.

Notes

- Similar methods were derived using penalty (not
Lagrange) functions.

- Method converges quickly; very few function
evaluations.

- Not well suited to large problems (full space
update used). For n > 100, say, use reduced
space methods (e.g. MINOS).
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Improvements to SQP

1. What aboulNy,L?
* need to get second derivatives for f(x), g(x), h(x).
« need to estimate multiplierst,w¥; NyL may not
be positive semidefinite

ApproximateN,L (x¥, U, V&) by B¥, a symmetric
positive definite matrix.

B'ssB* |, yy'

Bk+1 — Bk _
s'B*s s'y

BFGS Formula s =x*1-xk
y = NL(x**, UL, vir) - NL(xK, uktL, ve+D)

» second derivatives approximated by differences in
first derivatives.
« BXensuresinique QP solution

2. How do we know gf?
o Put all g(x)'s into QP and let QP determine
constraint activity

* At each iteration, k, solve:

Min Nf(x¥) 'd + 1/2 d Bkd
d
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st. g +Rg(x) ' d”
h(¥) +Nh(x) ' d =0

3. Convergence from poor starting points
» Like Newton's method, choose(stepsize) to

ensure progress toward optimuny*’= x< + a d.

e ais chosen by making surareerit function is
decreased at each iteration.

Exact Penalty Function
y (X) = f(x) + m[S max (0, gx)) + S [R(x)]]
m>max {| uj |, | v [}

Augmented Lagrange Function

y (x) = f(x) + u'g(x) + V'h(x)
+h/2 {S (h(x))2 + S max (0, ¢x))3
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Newton-Like Properties

Fast (Local) Convergence

B = Nyl Quadratic
NuL is p.d and B is Q-N 1 step Superlinear
B is Q-N updateN,L not p.d 2 step Superlinear

Can enforce Global Convergence
Ensure decrease of merit function by takang

Trust regions provide a stronger guarantee of global
convergence - but harder to implement.
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0.

Basic SQP Algorithm

Guesx®, Set B =1 (Identity). Evaluate f®, g(xX°)
and h(X).

At x¢, evaluateNf(x¥), Ng(x¥), Nh(x¥).

If k > 0, updatd3® using the BFGS Formula.

Solve  Ming Nf(x)Td + 1/2 d Bkd
s.t. g(x) +Ng(xx)Td£ 0
h(x) + Rh(x)Td = 0

If Kuhn-Tucker error is less than tolerance:
e.g.,¢NLTd ¢ £ ¢RfTd ¢ + Sgijgj ¢+ Sevjhj £ e
STOP, else go to 4.

Finda sothat 0 @ £ 1 andy (xk + ad) <Y (xk)
sufficiently (Each trial requires evaluation of f(x), g(x)
and h(x)).

x+1=xk+ad. Setk=k+ 50to 1.

60



Problems with SQP

Nonsmooth Functions
- Reformulate

lll-conditioning
- Proper scaling

Poor Starting Points
- Global convergence can help (Trust regions)

Inconsistent Constraint Linearizations
- Can lead to infeasible QP's

X2

\ / X1
-

Min X2
S.t. 1+ Xx-(X2)2”
1-x-(X)2”
X2 -1/2
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Successive Quadratic Programming

(SQP)

Test Problem

1.2

1.0 T

0.8 7

X2

0.6 T

0.4 7

0.2 7

00 v T T T Y T T T T T T
0.0 0.2 04 4, 06 0.8 1.0 1.2

Min  Xo
S.t. %+ 2x2-Xx3"
X2+ 2 (1-%)? - (1-x0)3”
x* =10.5, 0.375].
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Successive Quadratic Programming

1st ITERATION

1.2

1.0 7
0.8 ‘
0.6 - \\\

0.4 7

X2

0.2 7

P00’ ! b2 WU Y S B P S PP 1.2

Start from the origin &= [0, O]) with B® = I, form:

Min  dx+ 1/2 (d2 + &9
St. g
di+hbe
d=[1, Of. withm =0 andn = 1.
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Successive Quadratic Programming

2nd ITERATION

1.0 1

0.8 7
X2

0.6 7

0.4 7 x*

0.2 7

0.0 i L Y T T g T T T v
0.0 0.2 04 4, 0.6 0.8 1.0 1.2

From X =[0.5, O] with B! = | (no update from BFGS
possible), form:
Min  dy+1/2 (d? + &?)
s.t. -1.25d-d + 0.375"
1.25d-d + 0.37%"

d =10, 0.375]. withm = 0.5 andn=0.5

x2 =[0.5, 0.375] is optimal
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Representative Constrained Problem
SQP Convergence Path

HR=N

08

0.7 F

06|

05k

0.4F

03F

02F

0.1F

o1 02 03 04 05 0B 07 088 0% 1 141

Starting Point

[0.8, 0.2] starting from B= | and staying in bounds
and linearized constraints; converges in 8

iterations to NIf(x*)|| » ©
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Reduced Gradient Method with
Restoration (GRG)

Motivation:
» Decide which constraints are active or inactive, partition

variables as dependent and independent.
» Solve unconstraineggroblemin space of independent

variables.

Derivation

Min f(x)

s.t. g(x)+s=0 (add slack variable)
c(x)=0
|”"["X Ve

p Min f(z)

h(z) =0
a'l”"E

Let ZT = [z z5"] to optimize wrt z with h(z, zo) =0
we need a constraine@rivativeor reducedjradient
wrt z. Dependent variables arg zR™

Strictly speaking, the z variables are partitiomgd:
Zp - dependent or basi@riables
Zp - bounded or nonbaswariables

Z| - independent or superbasiariables

Note the analogy to linear programming. In fachesbasic variables
are required only if the problem is nonlinear.
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Note: h(z, z0) =0 P zp =Yy (z)
Define reducedjradient

df _ 1t dzo if

dz 7z, dz.  9zp

Now h(z, zp) = 0, and

dh_@ﬂho eeﬂhodD:O
eﬂzl € Nzp9
-1
dzp _ _@”h ogeho _ . . 1
df i 1 IF
—_ = — - h h
dz 12, Nz (NZD) 1Zp

Note: By remaining feasible always, h(z) = 0,]Jd E RQH
can apply an unconstrained algorithm (quasi-Newton)

usingd_ZI.

Solve problem in reduced space (n-m) of variables.
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Example of Reduced Gradient

Min  X12- 2%
S.t. 3% +4x =24

B B & x1U
NhT=[3 4] Nf=g2§

z = X §
df o
2 =x1y — = — - Rz h(Rzoh) '—
Let +« dz 7z, Tz o
Zszzb

df _ i @haphs

dxi X1 e 7/5(1@ X299 X2
df &35 3
— — - — _2 f— + J—
I 2% e4z( ) 2X1 >

Note:Nh' is m x n:Nzh' is m x (n-m):Nzh' is m x m

df
d_21 IS the change in f along constraint direction per

unit change iniz
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Sketch of GRG Algorithm
(Lasdon)

1. Starting with  Min f(z), partition

st. h(z)=0
a”]”E
T T T . - - -
z =1z, .zg]with 2T R ™ 57 RTY

2. Choose % so that h(9 = 0 and p are not close to their
bounds (Otherwise, swap basic and nonbasic
variables.)

df
3. Calculate df/dzat # and d = - (B¥)-1 an- (BX can be

from a Q-N update formula.) If (z d); violates
bound, set@d= 0.

df . :
If ‘d—ZIH " e, andldif| - e, stop. Else, continue with 4.

4. Perform a line search to get
k .
- For eachz =z *ud,, solve for p, i.e.

28 =2°- (Nph(z1,28) ) *h(z1, 28)

- Reduce if zp violates bound or &) « 1] ¥).
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Notes:

1. GRG (or GRG2) has been implemented on PCSs as
GINO and is very reliable and robust. It is also the
optimization solver in MS EXCEL.

2. ltuses Q-N (DFP) for small problems but can switch to
conjugate gradients if problem gets large.

3. Convergence of hfz z) = 0 can get vergxpensive for
flowsheeting problems becausé is required.

4. Safeguards can be added so that restoration (step 4.) can
be dropped and efficiency increases.

Representative Constrained Problem

GINO Results
Starting Point

[0.8, 0.2] converges in 14 iterations téf(k*)|| ©  ©

CONOPT Results
Starting Point

[0.8, 0.2] converges in 7 iterations t&f{x*)|| ”  ©
once a feasible point is found.
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Reduced Gradient Method without
Restoration (MINOS/Augmented)

Motivation:  Efficient algorithms are available that solve
linearly constrained optimization problems (MINOS):

Min f(x)
s.t. AX'E
Cx=d

Extend to nonlinear problems, through successive
linearization.

Strategy (Robinson, Murtagh & Saunders)

1.

Partition variables into basic (dependent) variables, z
nonbasic variables (independent variables at bounds),
Zn, and superbasic variables, (independent variables
between bounds)sz

Linearizeconstraints about starting pointfz Dz = c.

LetY =1 (z) + vIh (z) +b (hTh) (Augmented
Lagrange) and solve linearly constrained problem:
MinY (2)
st. Dz=c, 4]”E
using reduced gradients (as in GRG) tozjet

Linearize constraints abozit and go to 3.

Algorithm terminates when no movement occurs
between steps 3) and 4).
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Notes:

1. MINOS has been implemented very efficiently to take
care of linearity It becomes LP  Simplex method if
problem is totally linear. Also, very efficient matrix
routines.

2. Although no restoration takes place, constraint

nonlinearities areeflected iy (z) during step 3). Hence
MINOS is more efficient than GRG.

3. Major iterations (steps 3) - 4)) converge at a quadratic
rate

Representative Constrained Problem
MINOS Results

Starting Point

[0.8, 0.2] converges in 4 major iterations, 11 function
calls to Nf(x®)|| > ©
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Recommendations for Constrained
Optimization

1. Best current algorithms
* GRG 2/CONOPT
* MINOS
e« SQP

2. GRG 2 (or CONOPT)s generally slower, but is
robust. Use with highly nonlinear functions. Solver in
Excel!

3. For small problems (h ZLWK QRQOLQHDU
constraints, use SQP

4. For large problems @ ZLWK PRVWO\ OLQHDU
constraints, use MINQS==> Difficulty with many
nonlinearities

Function Calls

SQF B MINOS
CONOPT
-

Linear Algebra

Small, Nonlinear ProblemsSQP (generic) solves QP's, not
LCNLP's, fewer function calls.

Large, Mostly Linear ProblemsMINOS performs sparse
constraint decomposition. Works efficiently in reduced
space if function calls are cheap!
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Available Software for Constrained
Optimization

NaG Routines

EO4MFF - LP problem (dense)

EO4NCF - Convex QP problem or linearly-constraitieelar least-squares
problem (dense)

SQP Routines

EO04UCF - Minimum, function of several variablesgsential QP method,
nonlinear constraints, using function values aniiboplly first derivatives
(forward communication, comprehensive)

EO4UFF - Minimum, function of several variablesjsential QP method,
nonlinear constraints, using function values aniiboplly first derivatives
(reverse communication, comprehensive)

EO4UNF - Minimum of a sum of squares, nonlinearstants, sequential
QP method, using function values and optionallst fiterivatives
(comprehensive)

GAMS Programs

CONOPT - Generalized Reduced Gradient method wgtoration

MINOS - Generalized Reduced Gradient method withestioration

A new student version of GAMS is now available from the CACHE.offie cost for

this package including Process Design Case Students, GAMS: A Users, @Godle
GAMS - The Solver Manuals, and a CD-ROM is $65 per CACHE supporting
departments, and $100 per non-CACHE supporting departments and individuals. To
order please complete standard order form and fax or mail to CACHE Corporati
More information can be found on http://www.che.utexas.edu/cache/gams.html

MS Excel

Solver uses Generalized Reduced Gradient methddrestoration
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Rules for Formulating Nonlinear
Programs

1) Avoid overflows and undefined terms, (do not divide,
take logs, etc.)
eg. x+y-Inz=0

3
X+y-u=0
expu-z=0

2) If constraints must alway®e enforced, make sure they
are linear or bounds.
e.g. v(xy-2¥2=3

3
vu =3
w-(xy-2)=0

u.

3) Exploit linear constraints as much as possible.
e.g. mass balance

XxL+yiV=Fz
£
i + vi =f

L -al; =0, etc.

4) Use bounds and constraints to enforce characteristic
solutions.
eg. d["E

g ()’
to isolate correct root of h (x) = 0.
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5) Exploit globalproperties when possibility exists.
Is problem convex (no nonlinear equations)?
- Linear Program
- Quadratic Program

Is the problem a Geometric Program (logarithmic
transformation converts to a convex problem)?

6) Exploit problem structure when possible.
e.g. Min[Tx - 3Ty]
st. xT+y-Py=5
4x - dTy + Tx=7
0"7”
(If T is fixedP solve LP)
P put T in outer optimization loop.
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Process Optimization

Problem Definition and Formulation

State of Nature and Problem Premises

/ \

Restrictions: Physical, Legal Desired Objective: Yield
Economic, Political, etc. Economic, Capacity etc’

Decisions

Mathematical Modeling and Algorithmic Solution

Process Model Equations

/\

|Constraints | Objective Function

Additional Variables
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Modular Simulation Mode

Physical Relation to Process

In Out

- Intuitive to Process Engineer
- Unit equations solved internally
- tailor-made procedures.

— . - - ——
{

Convergence Procedures - for simple flowsheets, often
seen from flowsheet

Convergence "mimics" startup.

Debugging flowsheets on "physical" grounds
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Example

o
|
|
|

? ¢ = 0%A

100%A
Reason for Failure

Math:  Inconsistent Equations
Physical: Mass balance cant close.

Advantages

Easy to construct flowsheet (link black box modules
to form process, general purpose)

Easy to write simulator (string "tailor-made" input-
output black boxes together)

Easy to solve and debug (use knowledge of physical
process, individual modules assumed robust)

Disadvantages

/l\—’ Design Specifications

Specify # trays
reflux ratio, but would
like to specify

overhead comp.
==> Control loop -
Solve Iteratively
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Nested Recycles Hard to Handle

Best Convergence Procedure?

— 1
- ~

-l

Frequent block evaluation can be expensive
(Distillation Columns, Detailed Reactors, Nonideal
Physical Properties)

Due to black box nature of flowsheet, only "linear
rate" algorithms applied to flowsheet loops.
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Process Optimization Problems

Process
Recycle

| Feed | ¥ o Reaction | = [Separate | - |RECOVEr |

Prep_ PrOdUCt

« Large, Complex Models (10000 - 1,000,000
variables)

 Few Degrees of Freedom (10-50)

» SQP Algorithms Applied to Different Formulations
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Process Optimization Chronology

Before 1980 Process optimization was not used at all in
industry (Blau, Westerberg)

* methods to expensive and unreliable
direct search methods
noisy function values and gradient calculations
 uncertainty in problem definition
» penalty for failure greater than incentive for
improvement

Since 1980 widespread use of optimization in design,
operations and control

» powerful NLP algorithms (SQP)
- allows simultaneous model solution and
optimization
- direct handling of constraints

« more flexible problem formulations and
specifications

Literature Summary in Process
Optimization
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Simulation Time Equivalents

1. Early Work - Black Box Approaches
* Friedman and Pinder (1972) 75-150
» Gaddy and co-workers (1977) 300

2. Transition - more accurate gradients

o Parker and Hughes (1981) 64
« Biegler and Hughes (1981) 13

3. Infeasible Path Strategy for Modular Simulators

e Biegler and Hughes (1982) <10
* Chen and Stadtherr (1985)

« Kaijaluoto et al. (1985)

« and many more

4. Equation Based Process Optimization
» Westerberg et al. (1983) <5

e Shewchuk (1985) 2
« DMO, NOVA, RTOPT, etc. (1990s) 1-2

Process optimization should be as cheap and easy as
process simulation
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Benefits for Process Flowsheets

Flexible Problem Definition
1. Nested Recycle Loops
» Break all recycles
 Add as tear variables and constraints to

optimization problem

« Coordinated flowsheet convergence and
optimization

T

2. Control Loops T ‘

» Use constraints in @
problem ) —

specifications 4(R) - Purity = 0

-

 Incorporate directly
into NLP
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Process Simulators with Optimization
Capabillities (using SQP)

Aspen Custom Modeler (ACM)

Aspen/Plus

gProms
Hysim/Hysys

Massbal

Optisim

Pro/ll
ProSim
Speedup

VTPLAN
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Simulation and Optimization of

Flowsheets
j— 3 T— 2
h(y) =0
—_— 4 +— 6 // y// 1
¢ wly) Yy ¢
1 5 —— -~

Min f(x), s.t. g(x)”
For single degree of freedom:
« work in space defined by curve below.
* requires repeated (expensive) recycle convergence

f(x, y(x))
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Expanded Region with Feasible Path

f(x, y(x))

g1(x,y) SO
92(x,y) SO




g1(x,y) SO

g2(x,y) S0

"Black Box" Optimization Approach

» Vertical steps are expensive (flowsheet
convergence)

« Generally no connection between x and y.

« Can have "noisy" derivatives for gradient
optimization.
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gi(x,y) S0

SQOP - Infeasible Path Approach

« solve and optimize simultaneously in x and
e extended Newton method
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Optimization Capability for Modular

Simulators
(FLOWTRAN, Aspen/Plus, Pro/ll, HySys)

Architecture

- Replace convergence with optimization block
- Some in-line FORTRAN needed - easy to do
- Executive, preprocessor, modules intact.

Examples
- Chosen to demonstrate performance and capability.

1. Single Unit and Acyclic Optimization
- Distillation columns & sequences

2. "Conventional" Process Optimization
- NH3 synthesis
- Monochlorobenzene process

3. Complicated Recycles & Control Loops
- Cavett problem
- Variations of above
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SCOPT-Flowtran Optimization Option

User Interface for Flowtran

1. Start with working simulation

2. Formulate optimization problem

3. Define functions with in-line FORTRAN

4. Define variables with PUT statements

5. Replace control loops if desired (see next page)

6. Replace convergence block with optimization block

- Set optimization parameters (or place at end)

Architecture of SCOPT

- NEW BLOCK, added to object code
- Executive, modules remain intact.
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Capabilities of SCOPT

Standard Infeasible Path Approach

Feasible Variants - Broydens Method applied to converge
equations betweeterations

o

Infeasible Path Feasible Variant \ X

» Overall Feasible Path (Black-Box)

« Simultaneous Convergence of Recycles & Control
Loops

All options stem from samiaterface and algorithms.
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Optimization of Monochlorobenzene Process

S06

U =100

Cooling
HC1 Water
80°F
il ——
A-1
ABSORBER
15 Trays @ S11
(3 Theoretical Stages)
32 psia md _
25 Benzene,
S05 0.1 Lb Mole/Hr
Feed S04 KJ psia of MCB
ee
80°F @ S07 s10 D-1
37 psia 270°F . DISTILLATION
HC1 30 Trays
Fll_: ,&éH (20 Theoretical Stages)
soo A
Steam
S03 y So8 N 360°F
H-1 = {D 12,000
U =100 T-1 Btu/hr- ft°
S12
TREATER
Feed Flow Rates Maximize ‘ 90°F
LB Moles/Hr Profit < U 100
HC1 10 813
Benzene 40 Water
MCB 50 - s15 8Pr S14
P-1 120°F MCB

PHYSICAL PROPERTY OPTIONS
Cavett Vapor Pressure
Redlich-Kwong Vapor
Fugacity
Corrected Liquid Fugacity
Ideal Solution Activity
Coefficient

OPT (SCOPT) OPTIMIZER
Optimal Solution Found
After 4 Iterations
Kuhn-Tucker Error
0.29616E-05

Allowable Kuhn-Tucker Error

0.19826E-04
Objective Function -
0.98259

Optimization Variables
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32.006 0.38578 200.00
120.00

Tear Variables

0.10601E-19 13.064

79.229 120.00 50.000

Tear Variable Errors

(Calculated Minus Assumed)

-0.10601E-19 0.72209E-06

-0.36563E-04 0.00000E+00
0.00000E+00

- Results of infeasible path
optimization

- Simultaneous optimization
and convergence of tear
streams.



Case Study
Ammonia Process Optimization

Consider the ammonia process shown below. HydregehNitrogen feed
are mixed and compressed, and then combined wittycle stream and
heated to reactor temperature. Reaction occurs avemultibed reactor
(modeled here as an equilibrium reactor) to pdytiebnvert the stream to
ammonia product. The reactor effluent is then abod:nd product is
separated using two flash tanks with intercoolifigpe liquid from the
second stage is then flashed at low pressure td yigh purity liquid

product. The vapor from the two stage flash forrhe tecycle and is
compressed before mixing with the process feedngoye

Hydrogen Feed  Nitrogen Feed

N2 5.2% 99.8%
H2 94.0% ---
CH4 0.79 % 0.02%
Ar 0.01% .

—

@@

ol

S
iy

Product

@t
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Problem Characteristics

The objective function maximizes the net presehievaf the profit at a 15%
rate of return and a five year life:
» Optimization variables for this process are ened in Figure
* These include the tear variables (tear streamréltes, pressure
and temperature).

Constraints on this process include:
» the tear (recycle) equations,
» upper and lower bounds on the ratio of hydragemtrogen in the
reactor feed,
» reactor temperature limits and purity constraints
» specify the production rate of the ammonia precagher than the
feed to the process.

The nonlinear program is given by:

Max {Total Profit @ 15% over five years}
s.t.e 1% tons NHB/yr.

» Pressure Balance
* No Liquid in Compressors

.18 H2» 5
N2
* Treact’ OF

NH3 purged” OE PRO KU
NH3 Product Purity

Tear Equations
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Performance Characterstics

5 SQP iterations.

$24.93 x 10

Results of Ammonia Synthesis Problem

equivalent time of only 2.2 base point simulations.
objective function improves from $20.66 X 10

difficult to converge flowsheet at starting point

Optimum Starting point Lower bound  Upper bound
Objective
Function($16) 24.9286 20.659
Design Variables
1. Inlet temp. of reactor
(9F) 400 400 400 600
2. Inlet temp. of 1st flash
(OF) 65 65 65 100
3. Inlet temp. of 2nd
flash OF) 35 35 35 60
4. Inlet temp. of recycle
compressorqF) 80.52 107 60 400
5. Purge fraction (%) 0.0085 0.01 0.005 0.1
6. Inlet pressure of
reactor (psia) 2163.5 2000 1500 4000
7. Flowrate of feed 1
(Ib mol/hr) 2629.7 2632.0 2461.4 3000
8. Flowrate of feed 2
(Ib mol/hr) 691.78 691.4 643 1000
Tear Variables
Flowrate (Ib mol/h)
Np 1494.9 1648
Hp 3618.4 3676
NH3 524.2 424.9
Ar 175.3 143.7
CHs 1981.1 1657
Temperaturedf) 80.52 60
Pressure (psia) 2080.4 1930
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How accurate should gradients be for
Optimization?

Recognizing True Solution

 KKT conditions and Reduced Gradients determine
the true solution

« Derivative Errors will lead to wrong solutions being
recognized!

Performance of Algorithms

Constrained NLP algorithms are gradient based (SQP,
Conopt, GRG2, MINOS, etc.)

Global and Superlinear convergence theory assumes
accurate gradients

How accurate should derivatives be?

Are exact derivatives needed?
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Worst Case Example (Carter, 1991).

Min f(z) = Z Az,
where:

A= e+ 1lle e-1le ]’ ZO:ﬂZ[l]

e-1/e e+ 1/ 2
cond(A) = 1.
Nf(zo) =V¥2e/2[ 1, 1] = ez
9(z) = (Nf(z)-v2e[ 1, 1]')
with Newton's Method:

I\)IH

digeal =-A Nf(Zoz =-
dactual . =-A Tg(ZO) =
Nf(zo) digear =-20Azp <0

~ T T
Nf(zo) dactual = 20 Azo >0

* No descent direction with the inexact gradient.
« Algorithm fails from a point far from the solution,

even for small values &
» Depends on conditioning of problem
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Implementation of Analytic Derivatives

Relative effort needed to calculate gradients is not n+1 but
about 3 to 5 (Wolfe, Griewank)

parameters, p exit variables, s

Module Equations y

c(v,X s,p,y)=0

dy/dx
Sensitivity I g;ﬁgé

Equations ds/dp

Automatic Differentiation Tools

* JAKE-F, which has seen many applications but is limitea@ tsubset of
FORTRAN (Hillstrom, 1982)

 DAPRE, which has been developed for use with the NAGalip (Pryce
and Davis, 1987)

« ADOL-C, which is implemented very efficiently using opera
overloading features of C++ (Griewank et al, 1990)

 ADIFOR, (Bischof et al, 1992) uses a source transformasipproach
operating on FORTRAN code .
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Assembling the Jacobians at the
Flowsheet Level

Flash Recycle Loop

——— S3

S1 S2
— Mixer Flash
P
S6
S5 S4
- —» S7
£\ Ratio

2 2 3 1/2
Max S3(A) *S3(B) - S3(A) - S3(C) + S3(D) - (S3(E))

Before and After Decomposition
Process Variables Opt. Vars. Pars

Mixer

Flash

Splitter

Pump

Tear Eqgns.
Obj. Fcn.
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CPU Seconds (VS 3200)

Flash Recycle Optimization

(2 decisions + 7 tear variables)

S1 S2
—» Mixer Flash
P
S6
S5 S4
- —» S7
=N Ratio

2 2 3 1/2
Max S3(A) *S3(B) - S3(A) - S3(C) + S3(D) - (S3(E))

200

B GRG

100

Numerical Exace
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Ammonia Process Optimization
(9 decisions and 6 tear variables)

CPU Seconds (VS 3200)

Reactor
A A

LoP
Flash
8000
MW crc
B sop
6000 SQP

40007

2000

Numerical Exact
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Large-Scale SQP?

Min Nf(z9' d + 1/2 d Br d
s.t. h(z) +Nh(z) d =0
z "] x+d’] vy

Characteristics

 Many equations and variables (
* Many bounds and inequalities (

How do we exploit structure for:

7

&8 NhYU &u éNf U
€ Uy ey = -¢€ _Uu
eNh' O H €0 e hd

Many opportunities for problem decomposition

Few degrees of freedom (10 - 100)

Steady state flowsheet optimization
Parameter estimation

Many deqgrees of freedom (

Dynamic optimization (optimal control, MPC)
State identification and data reconciliation
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Few degrees of freedom
==> use reduced space SQP (rSQP)

« take advantage of sparsity 8h

« project B into space of active (or equality
constraints)

e curvature (second derivative) information only
needed in space of degrees of freedom

« second derivatives can be applied or
approximated with positive curvature (e.g.,
BFGS)

» use dual space QP solvers

+ easy to implement with existing sparse solvers,
QP methods and line search techniques

+ exploits 'natural assignment' of dependent and
decision variables (some decomposition steps
are 'free')

+ does not require second derivatives

- reduced space matrices are dense

- can be expensive for many degrees of freedom
- may be dependent on variable partitioning

- need to pay attention to QP bounds
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Many degrees of freedom
==> use full space SQP

» take advantage of sparsity of :

8  Nhu
e (
&Nh' 0 H

« work in full space of all variables

« curvature (second derivative) information
needed in full space

« second derivatives are crucial for this method

» use specialized large-scale QP solvers

+ B andNh are very sparse with an exploitable
structure

+ fast if many degrees of freedom present

+ no variable partitioning required

- usually requires second derivatives

- B is indefinite, requires complex stabilization
- requires specialized QP solver
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What about Large-Scale NLPs?

e SQOP Properties

- Few function evaluations.

- Time consuming on large problems:
QP algorithms are dense implementations;
need to store full space matrix.

« MINOS Properties

- Many function evaluations.
- Efficient for large, mostly linear, sparse problems.
- Reduced space matrices stored.

 Characteristics of Process Optimization Problems

- Large models

- Few degrees of freedom

- Both CPU time and function evaluations are
important.

P Development of reduced space SQP me(h8QP)
through_Range/Null space Decomposition
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g1(x,y) S0
~ g2(x,y) S0

h(x,y) =0

MINOS Simultaneous Solver

» Solve linearly constrained NLP, then relinearize

 Efficient implementation for large, mostly linear
problems

« Consider curvature of L (z,u,v) only in null space of
active linearized constraints
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Successive Quadratic Programming

QuadraticProgrammindsubproblem

Min Nf(z«)' d + 1/2 d Bxd
s.t. h(x) +Nh(z)' d=0
7 "] k+d"] U

whered : R = search step
B: R =Hessian of the Lagrangian

Large-Scale Application:

/N

Sparse full-space Reduced-s_pace
methods decomposition

exploits low dimensionalil
ofsubspace of degrees of
freedom
Characteristic of
Process Models!
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Range And Null Space Decomposition

QP optimality conditions, SQP direction:

é8 Nhu &u eNf U
. u eu=-¢& u
hh 00 &0 6 hQ

Orthonormal bases féth. QR factorization)
Y for Range space &fh. Z for Null space ofih'.

. eRU
Nh =|Y e u
[ Z]'GDO

d = Yd+Zd

Rewrite optimality conditions by partitioning d and B:

&BY Y'BZ Ru é&dyU &Y TNf{
& BY Z'BZ O0U &,u = - &TNfU
R 0 H & H & hi
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Reduction of System

o VT RIgn & TRiG
%B)Y( z™Bz oY &z0 = - SZTRf Y
e U a (¢ e u
R 0 »at & h g

1. dy is determined directly from bottom row.

2. | can be determined by first order estimate (Gill,
Murray, Wright, 1981)

Cancel second order terms;
Become unimportant ag,cy --> 0

3. For convenience, sefRY = 0;
Becomes unimportant ag &> 0
4. Compute total step:

d=Yd+Z2d,
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g1(x,y) SO

Range and Null Space Decomposition

SQP step (d) operates in a higher dimension
Satisfy constraints using range space to get d
Solve small QP in null space to get d

In general, same convergence properties as SQP.
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© 0N

rSQOP Algorithm

Choose starting point.

Evaluate functions and gradients.
Calculate bases andZ.

Solve for step\din Range space.
Solve small QP for step th Null space.

Min (ZTNfk + ZTBY dy)T dz + 1/2 ¢ (Z"BZ)d;
s.t. (+Ng'Y dy) +Ng'Z d;”

If error is less than tolerance stop. Else

Calculate total step d¥dy +Z d;.

Find step size and calculate new point.

Update projected (small) Hessian (e.g. with BFGS)

10 Continue from step 3 with k = k+1.
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Extension to Large/Sparse Systems

Use Nonorthonormal (but Orthogonal) bases in rSQP.
Partition variables into decisions u and dependents v.

X = qu N [(Nuh) (th)]

1. Orthogonal bases with embedded identity matrices.

h (th)

U

D~

u
7 A

S EEY g

D 21

2. Coordinate Basis - same Z as above=Y{ 0 | I ]

« Bases use gradient information already calculated.

* No explicit computation or storage essential.

» Theoretically same rate of convergence as original
SQP.

» Orthogonal basis not very sensitive to choice of u
and v.

* Need consistent initial point and nonsingular basis;
automatic generation for large problems.
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r'SQP Results: Vasantharajan et al (1990)

Computational Results for General Nonlinear Problems

Problem Specifications MINOS Reduced SQP
(5.2)

N M ME TIME| FUNCQ TIME* FUNC
Q * RND/LP

Ramsey 34 23 10 1.4 46 1.7 8
1.0/0.7

Chenery 44 39 20 2.6 81 4.6 18
2.1/2.5

Korcge 100 96 78 3.9 9 3.7 3
1.4/2.3

Camcge 280 243 243 23.6 14 24.4 3
10.3/14.1

Ganges 357 274, 274 22.7 14 59.7 4
35.7/24.0

* CPU Seconds - VAX 6320
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Computational Results for Process Optimization

Problems
Prob. Specifications MINQOS (5.2) Reed SQP
N M MEQ TIME* FUNC TIME* FUN.
(rSQP/LP)

Absorber 50 42 42
(a) 4.4 144 3.2 (2.1/1.1) 23
(b) 4.7 157 2.8 (1.6/1.2) 13
Distill'n
Ideal 228 227 227
(a) 28.5 24 38.6 (9.6/29.0) 7
(b) 33.5 58 69.8 (17.2/52.6) 14
Distill'n
Nonideal (1 569 567 567
(a) 172.1 34 130.1 (47.6/82.5) 14
(b) 432.1 362 144.9 (132.6/12.3) 47
(c) 855.3 745  [211.5 (147.3/64.2) 49
Distill'n
Nonideal (2 977 975 975
(a) (F) (F) 230.6 (83.1/147.5) 9
(b) 520.0 162 322.1 (296.4/25.7) 26
(c) (F) (F) 466.7 (323/143.7) 34

* CPU Seconds - VAX 6320
+ MINOS (5.1)
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Initial and Optimal Values for Distillation Optimization

Problem #Stgs. Press Feed Composition Feed Feed Start Pt.
(MPa) (Kmol/h) Stage | Temp. (K) Specs
Distillation 25 Preb - 1.20 Benzene (k) 70 Bot. 65.0
Ideal Pfeed - 1.12 Toluene (hk) 30 7 359.592 |Ref. 2.0
Pcon - 1.05
Distillation Preb - 1.100 Acetone (Ik) 10 348.396 | Bot. 70.0
. 17 .
Nonideal Pfeed - 1.045 Acetonitrlle (hk) 75 9 Ref. 3.0
Q) Pcon - 1.015 Water 15
Distillation Preb - 1.100 Methanol (k) 15 Bot. 61.91
Nonideal 17 Pfeed - 1.045 Acetone 40 Ref. 9.5
(2) Pcon - 1.015 Methylacetate 5 12 331.539
Benzene 20
Chloroform (hk) 20
Specifications for Distillation Problems
Problem Solution f(x*) LKC HKR Qc QR
(Kmolh) | Y(NJIK) | (kmolhy | X(L, hK) | (KJ/n) (KJ/h)
Distillation | Initial -65.079 |12.30 0.410 55.30 0.79 3.306x16 |-5.009x1®
No?llt)jeal Simul. -67.791 [9.11 0.304 60.74 0.87 3.918x16 |-2.940x16
Optimal -80.186 |8.42 0.915 74.69 0.82 5.012x16 | -4.720x16
Distillation | Initial -19.504 |9.521 0.200 12.383 0.200 4.000x16 | -4.000x1®
No?zlt)ieal Simul. -25.218 |14.108  |0.357 18.701 0.302 |1.268x1d0 | 1.263x1d
Optimal -29.829 |14.972 0.348 17.531 0.309 4.481x16 | 4.432x16
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Comparison of SQP Approaches

Coupled Distillation Example - 5000 Equations
Decision Variables - boilup rate, reflux ratio

Method CPU Time Annual Savings Canis

1. SQP* 2 hr negligible (same as OPTCC)

2. L-S SQP** 15 min. $ 42,000 SQP with Spavksrix
Decomposition

3. L-S SQP 15 min. $ 84,000 Higher Feed Tragation

4. L-S SQP 15 min. $ 84,000 Column 2 Overhead
Storage

5. L-S SQP 15 min $107,000 Cases 3 and 4heget

*  SQP method implemented in 1988
** RND/SQP method implemented in 1990

T

18

10

e
= <l
Q/K \/ Q/K L_/
P
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Real-time Optimization with rSQP

Consider the Sunoco Hydrocracker Fractionation tPlarhis problem
represents an existing process and the optimizatioblem is solved on-line

at regular intervals to update the best currentaijppey conditions usingeal-

time optimization The process has 17 hydrocarbon components, six
process/utility heat exchangers, two process/psobeat exchangers, and the
following column models: absorber/stripper (30 §aylebutanizer (20 trays),
C3/C4 splitter (20 trays) and a deisobutanizert(ags). Further details on
the individual units may be found in Baileyal (1993).

REACTOR EFFLUENT FROM
LOW PRESSURE SEPARATOR

ABSORBER
STRIPPER

LIGHT
NAPHTHA

PREFLASH

C3/C4
SPLITTER

[

REFORME
NAPHTHA

[#

\ PEBUTANIZER

RECYCL
OIL i

Two-step Procedure

» squareparameter casan order to fit the model to an
operating point.

e optimization to determine current operating
conditions.
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Optimization Case Study Characteristics

The model consists of 2836 equality constraints and only ten
independent variables. It is also reasonably sparse and
contains 24123 nonzero Jacobian elements. The form of the
objective function is given below.

P-4 zCc°®+4azCcf+a zc'™-U
ilG iTE m=1
where P = profit,

cCG = value of the feed and product streams valueghasline,
zZi =stream flowrates

cE =value of the feed and product streams valuddeds

cPm = value of pure component feed and products, and
U = utility costs.

Cases Considered:

1. Normal Base Case Operation

2. Simulate fouling by reducing the heat exchange
coefficients for the debutanizer

3. Simulate fouling by reducing the heat exchange
coefficients for splitter feed/bottoms exchangers

4. Increase price for propane

5. Increase base price for gasoline together with an increase
in the octane credit
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Results: Sunoco Hydrocracker Fractionation Plant

Case 0 Case 1 Case 2 Case 3 Case 4 Cas
Base Base Fouling 1l Fouling2 Changing Changing
ParameterOptimizatio Market 1  Market 2

e5

Heat Exchange
Coefficient (TJ/d'&

Debutanizer Feed/Botto g 5e5v10¢ 6.565x10% 5.000x10% 2.000x10% 6.565x10% 6.565x101
Splitter Feed/Bottoms 1 n30x10° 1.030x103 5.000x10% 2.000x10% 1.030x10° 1.030x10°

NJ

76

Pricing
Propane ($/rﬁ) 180 180 180 180 300 180
Gasoline Base Pi 300 300 300 300 300 350
($/m3)
Octane Credit ($/(RO 2.5 25 25 25 2.5 10
mS))
Profit 230968.9 239277.37 239267.57 236706.82 258913.28 370053.9

Change from base case - 8308.41  8298.61 5737.86 27944.32 139085.0
($/d, %) (3.6%) (3.6%) (2.5%) (12.1%) (60.2%)
Infeasible Initialization
MINOS

Iterations 51275 9 /788 - - - -
(Major/Minor)

CPU Time (s) 182 5768 - - - -
rSQP

Iterations 5 20 12 24 17 12

CPU Time (s) 23.3 80.1 54.0 93.9 69.8 54.2
Parameter Initialization
MINOS

Iterations n/a 12/132 14/ 120 16/ 156 11/ 166 11/
(Major/Minor)

CPU Time (s) n/a 462 408 1022 916 304
rSQP

Iterations n/a 13 8 18 11 10

CPU Time (s) n/a 58.8 43.8 74.4 52.5 49.7

Time rSQP 12.8% 12.7% 10.7% 7.3% 5.7% 16.19

Time MiNOS (%)
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Tailoring NLP Algorithms to Process
Models

y A 4 R
4 I
UNITS UNITS
+
FLOWSHEET
FLOWSHEET +
OPTIMIZATION
\_ CONVE|RGENCE )
OPTIMIZATION
/ N J
Sequential
Modular Equation Oriented
N 4 I
UNITS g UNITS
P
FLOWSHEET CONVERGENCE FLOWSHEET CONVERGENCE
+ +
OPTIMIZATION OPTIMIZATION
J \ J
Simultaneous Modular Tailored
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How can (Newton-based) Procedures/Algorithms be
Reused for Optimization?

Can we still use a simultaneous strategy?

Examples

« Equilibrium stage models with tridiagonal structures
(e.g., Naphthali-Sandholm for distillation)

« Boundary Value Problems using collocation and
multiple shooting (e.g., exploit almost block diagonal
structures)

« Partial Differential Equations with specialized linear
solvers

rSOP for the Tailored Approach

+ Easy interface to existing packages (UNIDIST, NRDIST,
ProSim)

+ Adapt to Data and Problem Structures
+ Similar Convergence Properties and Performance

+ More Flexibility in Problem Specifiction
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Tailored Approach — Reduced Hessian rSQP

NLP
Min f(x)
s.t.c(x) =0
a” X 7 E
Basic QP

Min Rif(x)"d + 1/2 dB“d

s.t. ¢(X) + A(X)'d=0
a” x+d"E

l

( Initiali zation j

1
«

A 4

Y space move
P, = -(AXX)"Y)c(x)

A 4

/

Z space move

Min (Nf(x") + Z’B"Y p))'Z p,
1/2 p'(2'B“Z) p,

st.a X'+Yp +Zp"E

+

~

)

A 4

{ Multiplier-free J

A 4

KKT error W

tolerance

line searc

within J
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Newton step from model
equations

Use sparse linear solver
Specialized linear solver

Reduced QP subproblem
Small dense p.d QP

Few variables, many
inequalities

Multipliers not required for
line search

Superlinear convergence
propertie



Tailored Optimization Approach for
Distillation Models

Y % Min (w, Q,—w, D)

Feed specified

Variables: Pressure,

rafliiv ratir

- &

[ Specialized Y space movﬁ

P, = -(AXX)"Y)c(X)

MESH Equation Model
Mass Balances
Equilibrium

- Summation
Heat Balances

Tridiagonal Structure Naphthali-Sandholm (Thomas)
algorithm
[ 1]
LI L]
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Tailored Optimization Approach for Distillation Models
- Comparison of Strategies

Modular Approach- Model solved for each SQP iteration

Equation Oriented Approach — Simultaneous solution and
optimization, tridiagonal structure not exploited

Tailored Approach — Simultaneous solution using
Naphthali Sandholm (Newton-based) algorithm for
distillation

1200

1000

800 1

600

CPU Seconds

400

C=2 C=2 C=3 C=3
T=17 T =3¢ T=1.T =3¢

85-95% reduction compared to modular approach
20-80% reduction compared to EO (dense) approach
Reduction increases with problem size
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Tailored Optimization Approach for Flowsheet Models

l

( Initialization )

&

N A
A 4

and interconnections Unit Model

[ Y space move: models} | |
(pY’ Dz)i

A 4

Z space move
Reduced Space QP with linear tel
assmbled from (|, D,).

A 4

Multiplier-free
line searc

A 4

KKT error W

within
tolerance J

\ 4
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Comparison on HDA Process (Modified)

Hydroger A

&

A

«

Toluene + Hydroge & Benzene + Toluene + Diphel

d
B A

. T ?_,@_.[Reactor ]_, r]
-

T B

o] e

I n P
u z N
e e

n n

e ~ —

l ; v

- Tailored approach uses UNIDIST for distillation
columns and COLDAE for (unstable) Reactor Model

Initializations are unit-based
Maximize Benzene Production
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M Modular
B Tailored
EO Approach

CPU Seconds (DEC 5000)

B T B&T R R&B
Sensitivity Analysis of Optimal Flowsheets
Information from the Optimal Solution
At nominal conditions, p
Min F(X, p)
st. h(x,p=0
9 B’
a(p)"[ "ES )

How is the optimum affected at other conditions,§3?

Model parameters, prices, costs
- Variability in external conditions
Model structure

How sensitive is the optimum to parameteric uncertainties?

Can this be analyzed easily?
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Calculation of NLP Sensitivity

Take KKT Conditions
NL(x*, p, |, m)=0
h(x*, po) =0

g(x*, po) " me
mg(x*, po) = 0 ==> g\(X*, pg) =0

and differentiate and expand abogit p

Nl (%, p, 1, m)T + Ny L(x*, p, I, m)" Npx* " +
Nxh(x*, p, 1, m)T Nl ™ + Riga(x*, p, 1, m)" Ny =0

Nph(X*; pO)T + IQIXh(X*l pO)T NDX*T =0
Noga(x*, Po)" + Rga(x*, po)’ Npx* T =0

Notes:

- A key assumption is that under strict
complementarity, the active set will not change for
small perturbations of p.

If an element of x* is at a bound theWx*' =
O T
|\Ipxi,bound*

Second derivatives are required to calculate
sensitivities Nox* '

Is there a cheaper way to calculate djy* '?
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Optimum Sensitivity
Consider constraints with lower and upper bounds:

L(x* p, 1, m) =F(x*, p) +1 Th(x*,p) + mFg(x*,p) +h,T(x* -
X,(p)) +h.T(x (p) - x*)

_ i | N [ RZoL* |
N;xL* Nxh* NXgA B B— P
NEh* o 0 0 g | fph
N¥gp O 0 0 N Dt Npga

B 0 0 0 T .
) Tl NG || REXE

- Partition variables into those at bounds and between
bounds (free)

. Define active set as'H [h" g,]

- To eliminate multipliers in linear system partition free
variables into range and null space components:

~

Npx*™T = ZTZ* +YTy*

AT 12 T 0 TR 1ITRR 1TR o W
gN W 4 ZNZXfoT Ytng, gZ(NXpr+N L'N )ﬂ
g8 O N HY B8 8 NH +N, HNx,. E

- solve as with range and null space decomposition

- curvature information required only in reduced spaces
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Finite Perturbations
An estimate of changes in sensitivity

For perturbation in parameter or directof;, solve QP1:

Min[(ZT L™ D +ZTRRL* Yy)'z + 2 72Tl Z)%

st Ngg'Dp +HNlg" 2 z+Rfg" Yy S 0
Npix_[]oi SZz+Yy Slpix+m

~ -1~
y =-[NzhT Y] "NphlDp
Npx*T = ZTZ" +YTy*

Or re-evaluate the objective and constraint functions for a
given perturbation (x*, p Bp) and solve QP2:

I\/Iinl(ZT REL™ (¢*, pgtDp) +ZT g " Y y)Tz + % 7T (ZTRxL” z)z]

st §0¢,potp) {NEg* 2 z+(Nlg" Yy S 0
X(pg*Dp) $Zz+Yy SxpgtDp)

y = - [Nz Y] hes, pg+Dp)

~

Npx*T = ZTzZ* +YTy*
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Second Order Tests

Reduced Hessian needs to be positive definite

At solution x*:
Evaluate eigenvalues of '8 _L'Z
Strict local minimum: If positive, stop

Nonstrict local minimum: If nonnegative, find
eigenvectors for zero eigenvalugs,regions of
nonunique solutions

Saddle point: If any are negative, move along
directions of corresponding eigenvectors and restart
optimization.

N

r/j)
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Flash Recycle Optimization

(2 decisions + 7 tear variables)
——» S3

S1 S2
—»»{ Mixer Flash
F)
S6
S5 S4
- —p S7
L=\ Ratio

Max S3(A) **S3(B) - S3(A) 2 S3(C) : S3(D) - (S3(E))

Second order sufficiency test:
Dimension of reduced Hessian = 1
Positive eigenvalue

Sensitivity to simultaneous change in feed rate and
upper bound on purge ratio

Only 2-3 flowsheet perturbations required for second
order information

10

Sensitivity vs. Re-optimized Points

0.1

Relative change - Objective

0.01

I
— -«
o

0.001
001"

Relative change - Perturbation
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Ammonia Process Optimization
(9 decisions and 8 tear variables)

Reactor

Flashi

Second order sufficiency test:

Dimension of reduced Hessian = 4

Eigenvalues = [2.8E-4, 8.3E-10, 1.8E-4, 7.7E-5]
Sensitivity to simultaneous change in feed rate and
upper bound on reactor conversion
Only 5-6 perturbations for*2derivatives

20

Sensitivities vs. Re-optimized Hts

19.5 H
—1{F— Sensitivity

194 —o— oqP1
—O0— QP2

18.5
Actual

18

Objective Function

17.5 - D/
17 I, r

— 5‘ —
3 = o

° Relative perturbation change
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Multiperiod Optimization

7 1\

Case 1 Case 2 Case 3 Case 4 Case N

Coordination

1. Design plant to deal with different operating scenarios
(over time or with uncertainty)

2. Can solve overall problem simultaneously
large and expensive
polynomial increase with number of cases

must be made efficient through specialized
decomposition

3. Solve also each case independently as an optimization
problem (inner problem with fixed design)

- overall coordination step (outer optimization
problem for design)

require sensitivity from each inner optimization
case with design variables as external parameters
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Parameters
E (kJ/mol)
k, (1/h)

F (kmol/h)

Time (h)

Flowsheet Example

_ J
— ()
T, 1 \TWI

Period 1 Period 2 Period 3 Period 4
555.6 583.3 611.1 527.8
10 11 12 9
45.4 40.8 24.1 32.6

1000 4000 2000 1000
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Multiperiod Design Model

Nonlinear Formulatior Fixed Topology

Min f (d) +S f(d, )
stt.h(x,d)=0,i=1,... N
gx,d)” L «1
rd)”
Variables:

- X: state (z) and control (u) variables in each operating
period

- d: design variables (e. g. equipment parameters) used

Model Structure

h, g




An SQP-based Decomposition Strategy

Start by decoupling design variables in each period
b.

N
to yield: minimizef =fo(d) + & (4, X)

subjectto h(¢,x)=0 JI.J
@9d.,x) +s=0 y 1 =1 ..N
d-d=0 b

r(de O
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L ~ 1 ~
minimize f = N f; Dd + =Dd" NiL, Dd +
2

N

N 1 ;.
a N,f'p + Erf NZL, p)

i=1

subjectto  h + N R"p =0 i =1, ...N
r+N,"Dd £ 0
éXik+1 _ Xik L‘] é’]k l‘,l é | Iuo
p = Zsk” - 3 h = Zgik + skg Nh = &K | N(g +9) | od
et - dg & B g | o

Now apply range and null space decomposition:to p
p=2Zp, + Y p andZ'Nh=0

Pre-multiplying the first equation byTzubstituting for p
and simplifying leads to:

Z'Nf + ZTNSL Zp, +2Z3n = 0
h+Rh"Yp, =0
Zip, +Ysp, = RR°
which is solved byp, = - (N h Y)™"h
&'NILZ  Zguep,a  EZTN, U
s Uar, - ~ €5 s U
s Og em H &Rp’+ Y Py
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SinceDd is embedded on the right hand side, we obtain:
pZ‘ = Azi * BZi Dd and Z\ pZi = Zpﬁ T ZBu Ca

pyi:Avi““BviDd and YipYi:YA+YBIDd

Substituting this back into the original QP subproblem
leads to a QP only in terms Dd.

, N )
L _ e Q N u
minimize f = szfOT + El{priT (Zg + Yg) + (Zy + Y, N2 (Z, + YBi)}ODd

N

1 é“ o N l:l
+>00T REL + 8 {(Zy + Vo) FGL (Zg + ¥y)} D

subject to r+ NysDd £ 0

Notes:

- As seen in the next figure, thespeps are parametric
in Dd and their components are created independently

- This step is trivially parallelizable

- Choosing the active inequality constraints can be done
through:

0 Active set strategy (e.g., bound addition)
f Combinatorial, potentially slow
f More SQP iterations

o Interior point strategy using barrier terms in
objective

f Requires multiple solutions
f Easy to implement in decomposition
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? Starting Point
Original QP
Decoupling

Y

Gctive Set Update }

Null - Range
Decomposition

Calculate
Reduced
Hessian

|

|

|
Calculate |
Step |
|

|

|

MINOR ~— — — — & CBound Addition ) —————

ITERATION ‘

LOOP v
C Line search )

NO

Optimality
Conditions

YES
« Optimal Solution
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Example 1— Flowsheet

- (13+2) variables and (31+4) constraints (1 period)
- 262 variables and 624 constraints (20 periods)

— Ca
i
Ca, To y
—— . .
1 | |
F) T, F
___
~.
2 (a)
N’ J
Wi
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Example 2— Heat Exchanger Network

(12+3) variables and (31+6) constraints (1 period)
243 variables and 626 constraints (20 periods)

563 K

393K

350 K
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Summary and Conclusions

1. Widely Used Methods Surveyed

- Unconstrained Newton and Quasi Newton
Methods

- KKT Conditions and Specialized Methods
- Successive Quadratic Programming (SQP)
- Reduced Gradient Methods (GRG2, MINOS)

2. SQP for Large-scale Nonlinear Programming

- Reduced Hessian SQP
- Orthogonal vs. Coordinate Bases

3. Process Optimization Applications

- Modular Flowsheet Optimization
Importance of Accurate Derivatives

- Equation Oriented Models and Optimization

- Realtime Process Optimization

- Tailored SQP for Large-scale Models

4. Further Applications

- Sensitivity Analysis for NLP Solutions
- Multiperiod Optimization Problems
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